EXERCISE SOLUTIONS, LECTURES 15-20
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15. DIRECTIONAL DERIVATIVES AND THE GRADIENT
Exercise 1. Find the gradient of f.
(1) f(z,y) = 32°y — xy?
@) flz,y) =75
©) f(z,y) = /2% + y?
4 f(z,y) =zIn(z) + yIn(y)
) f(z,y) =W
©) flr.y,2) = =
(7) f(z,y,2) = xIn(yz)
(8) f(z,y,2) = vyze™*
Solution. (1)
Vf(iﬁ, y) = <633y - y3’ 31’2 - 3azy2)
(2) We write this as f(z,y) = x(x + y) . Then
0 1 1 x Yy
d(ry)=(@+y) e (z+y) )= ———2(r+y) = — =
fe(x,y) = (x+y) oz (@+9)7) o (z+y) FEvil ran Rl e
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Vf(x,y) = <\/x2+y2’ \/562 +y2>
(4) We have
fao(z,y) =1 (w)+:1c-§:1n(:v)+1
Fe.) =Ia(y) +y- 5 = In(y) + 1
So

Vf(z,y) = (In(z) + 1,In(y) + 1)
(5) We have by Chain Rule
folz,y) = e Wsin(y),  f,(z,y) = Pz cos(y),

SO
Vf(ayy) = ("0 sin(y), e W cos(y))

(6) We write this as f(z,y,2) = z(y + z)~'. We have

1
o(2,,2) = (y+2)7" =
fel@,y,2) = (y + 2) —
x
r,y,2) = —x(y+2) 2= —
x
(x,y,2) = —a(y+2)%=—
foz,y,2) (y +2) UEE
So
1 x x
v T,Y,z)= T T
f@:9,2) <y+z (y + 2)? (y+2)2>
(7) We have
1
frl@w2) =), o) =o—-z=2 Ly =aLy=1
(8) We have
folz,y,2) = yze™ + ayze™ - (yz) = (y2 + 2y2%)e™
fo(,y, 2) = 22e™* + 2y2e™ - (22) = (22 + 2°Y2°)e™”
fox,y, 2) = wye™ + wyze™ - (vy) = (vy + 2y°z)e™
So

Vi(z,y,2) = ((yz + 2y?2*)e™, (w2 + 2?y2?)e™, (zy + 27y2)e™)

Exercise 2. Find the directional derivative.
(1) Daf(1,1), where f(z,y) = 2® +y* and @ = (75, — 1)

(2) Daf(3,0), where f(x,y) = 2%¥ and @ = (2, —3).
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Solution. (1) Note Dzf(1,1) =@ - Vf(1,1). We have

fx(xay) = 21’, fy(xay) = 2y7
SO
VI(l1)=(2,2)

Daf(1.1) = (s =—5) - (2.2 = == — =0

V2 V2
(2) Note that Dzf(3,0) = 4 - V£(3,0). We have

f$<x7y) = 2x6y7 fy(‘r7y> - x2€y7
SO
Vf(3,0) = (6,9)

SO
3 4 18 36 18

O

Exercise 3. Find the maximum rate of increase of f at the given point, and the direction in which
it occurs.

(1) f(x,y) = sin(zy) at (1,0).
(2) f(z,y) = 22y” + 2y’ at (1,2).
(3) f(z,y,2) = zyz* + 2%y* at (1,0, —1)
Solution. (1) The direction of maximum rate of increase is the unit vector in the direction of
gradient, V f(1,0). Note

fo(z,y) = ycos(zy), fy(v,y) =z cos(zy),
Vf(1,0)=(0,1)

Since this is already a unit vector, the direction of maximum rate of increase is (0, 1). The
maximum rate of increase is |V f(1,0)| = 1.

(2) The direction of maximum rate of increase is the unit vector in the direction of gradient,
Vf(1,2). Note

fe(z,y) =20* +°,  f,(x,y) = 4oy + 3zy°
)
VF(1,2)=(2-22+2%4-2+3-2% = (16,20)
Thus the direction of maximum rate of increase is

VF(1,2)  (16,20)  (16,20)  (4,5) _ 5
IVF(1,2)] V162 +202 /656 V41 V4l V41

4/41.

)

The maximum rate of increase is |V f(1, 2)|
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(3) The direction of maximum rate of increase is the unit vector in the direction of gradient,
Vf(1,0,—1). Note
fol,y, 2) = y2° + 2002, fy(,y,2) = 22” +22%,  f.(z,y,2) = 22y2
SO
Vf(l, Oa _1) = <0> 17 0>

This is already a unit vector, so (0, 1, 0) is the direction of the maximum rate of increase.
The maximum rate of increase is |V (1,0, —1)| = 1.

U
Exercise 4. Find the tangent plane.
(1) Tangent plane to zyz = 6 at (1,2, 3)
(2) Tangent plane to z +y + z = "% at (0,0, 1)
(3) Tangent plane to z* + y* + 2* = 32?y?*2% at (1,1, 1)

Solution. (1) The surface is the level surface f(z,y,z) = 6 where f(z,y,z) = xyz. The
equation of the tangent plane is

fo(1,2,3) (@ = 1) + £, (1,2,3)(y — 2) + f2(1,2,3)( = 3) = 0
Note that
fe(@,y,2) = yz, fyle,y,2) =2z, fo(2,y,2) = a2y
SO
fx(1,2,3) =6, f,(1,2,3) =3, f.(1,2,3)=2
so the tangent plane has equation
6(z—1)+3(y—2)+2(z2—3)=0,
or
6x + 3y + 22 =18

(2) The surface is the level surface f(x,y,z) = 0 where f(z,y,2) = x + y + z — €"¥*. The
equation of the tangent plane is

f2(0,0,1)(x = 0) + f,(0,0,1)(y = 0) + £2(0,0,1)(z = 1) = 0
Note that
folz,y,2) =1 —yze™,  fx,y,2) =1—aze™, f.(2,y,2)=1—aye™*
SO
£:(0,0,1) =1, £,(0,0,1) =1, £(0,0,1) =1
so the tangent plane has equation
r+y+z—1=0

(3) The surface is the level surface f(x,y,2) = 0 where f(z,y, z) = 2% + y* + 2* — 322222
The equation of the tangent plane is

fx(l’ 17 1)(1] - 1) + fy(17 17 1>(y - 1) + fz(17 17 1)(2 - 1) =0
Note that

fx(xaya Z) = 4333 - 633y22’27 fy(xa Y, Z) = 4:1/3 - 61’23/22, fz(x7ya Z) = 423 - 61’23/22’
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SO
f(1,1,1)=-2, f,(1,1,1)=-2, f,(1,1,1) = -2
so the tangent plane has equation
—2(x—-1)—2(y—1)—2(z—1) =0,
or
—2x —2y —22=—6
O

Exercise 5. Shown is a topographic map of Blue River Pine Provincial Park in British Columbia.
Draw curves of steepest descent from point A (descending to Mud Lake) and from point B.

Solution. You follow the negative gradient vectors. The picture is just an approximation, so there
might be certain inaccurancies in the drawing.

i DO

16. LOCAL MAXIMA AND MINIMA, CRITICAL POINTS

Exercise 1. Find the critical points and use the Second Derivative Test to determine whether

they are local minima, local maxima or saddle points.
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(1) fz,y) =2y — 20 — 2y —2° —y°

@) f(z,y) =y(e® —1)

(3) f(z,y) =2 —a + 22% —

4 f(z,y) = (62 — 2%)(dy — y*)

(5) flz,y) = (2® +y?)e®

(6) f(x,y) =sinzsiny,in -7 <z <mand -7 <y <
(7) f(z,y) =y* —2ycosz,in—1<zr<7and -3<y<3
®) f(z,y) = —(2* —1)? = (a%y — 2 — 1)?

) f(z,y) = 3we¥ — a3 — &%

Solution. (1) We first find the critical points. Note
felv,y) =y—2-2z, f)lov,y)=2-2-2

So if (x,y) is a critical point, this means

y—2—-2x=0, x—2-—2y,
or

y=2+2z, =2+ 2.

Plugging © = 2 4 2y into y = 2 + 2z, we get

y=2+2(2+2y) =6+4y,

or 6 = —3y, or y = —2. From this, we get x = 2 — 4 = —2. So there is only one critical
point, (—2, —2).
To use the Second Derivative Test, we need to compute what D(z,y) is. Note that

fee(xy) = =2, foy(z,y) =1, fy(z,y) = -2,
SO
D(@,y) = foe(@,y) fuy(@,y) = fuy(z,y)* =4 -1 =3
This is always positive. Note also that f,, is always —2 < 0, so any critical point has to

be local maximum.
(2) We first find the critical points. Note

folw,y) =ye*,  fylz.y)=€"—1
so if (x,y) is a critical point, this means
ye* =0, e*—1=0.

Since ye® = 0 means y = 0 or €* = 0, and since e” is never zero, this means y = 0. The
second equation means e” = 1, or z = In(1) = 0. Thus there is one critical point, (0, 0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fox(,y) = ye",  foy(x,y) =€, fyy(z,y) =0,
SO
D(x,y) = fm(%y)fyy(%y) - fzy(xmy)Q = —e™,

This is always negative, so any critical point is a saddle point.
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(3) We first find the critical points. Note that
fola,y) = =42 + 4z, fy(2,y) = 2.

So if (x,y) is a critical point, this means
—4a® +4x =0, —2y=0.
So first of all y = 0, and we have —4x(z — 1)(x + 1) = 0. Thus x could be either 0, —1 or

1. The critical points are (0,0), (—1,0) and (1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fue(2,y) = —122% + 4, foy(xy) =0, fyy(x,y) = =2,

so

D(z,y) = fou(@,y) fyy(z,y) — fwy(xv?J)Q = 242% — 8
Thus

D(0,0) = -8 < 0

which means that (0, 0) is a saddle point. Also,

D(=1,0) =24 -8>0, fi(-1,0)=-12+4 <0,
which means that (—1, 0) is a local maximum.

D(1,0) =24 -8>0, fu.(1,0)=-12+4<0,

which means that (1, 0) is a local maximum.
(4) We first find the critical points. Note that

falw,y) = (6 —20)(dy —v?),  fy(z,y) = (62 —2)(4 - 2y),
so if (x,y) is a critical point, it means
(6 —27)(4y —y?) =0, (62 —2%)(4—2y)=0.

The first equation means that either 6 — 22 = 0 or 4y — y*> = 0. Note also that 6 — 22 = 0
means z = 3, and 4y — y*> = 0 means either y = 0 or y = 4. So the first requirement is
eitherx =3,y =0ory = 4.

The second equation means that either 6z — x> = 0 or 4 — 2y = 0. Note also that
62 — 2> = 0 means either z = 0 or = 6, and 4 — 2y = 0 means y = 2. So the second
requirement is either x = 0,z =6 or y = 2.

So a pair (z,y) satisfying the two requirements are as follows, following the first re-
quirement first:

e If x = 3, then out of the three possible outcomes of the second requirement, x = 0,

x = 6 or y = 2, the only possibility is y = 2, so (3, 2).
o If y = 0, then out of the three possible outcomes of the second requirement, x = 0,
x = 6 or y = 2, it could possibly be either x = 0 or 2 = 6, so (0,0) or (6, 0).
e If y = 4, then out of the three possible outcomes of the second requirement, x = 0,
x = 6 or y = 2, it could possibly be either x = 0 or z = 6, so (0,4) or (6,4).
So the critical points are (3, 2), (0,0), (6,0), (0,4) and (6,4).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fl‘l“(xvy) = _2(4y_y2)a fmy(way) = (6_233)(4_23/)7 fyy(l',y) = —2(61'—332)
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SO

D(x,y) = foa(x,y) fyy(2.y) = foy(2,y) = 4(4y — y*)(6x — 2%) — (6 — 22)*(4 — 2y)"
We apply the Second Derivative Test to the five critical points.
o If (z,y) = (3,2), then

D(3,2) =4(8—-4)(18—=9) = 0> 0, fu(z,y)=—-2(8—-4) <0,

so (3,2) is a local maximum.

If (z,y) = (0,0), then

D(0,0) = 0 — 6%4% < 0,

so (0, 0) is a saddle point.
If (z,y) = (6,0), then

D(6,0) =0 — (6 — 12)%4% < 0,

so (6,0) is a saddle point.
If (z,y) = (0,4), then

D(0,4) =0 —6%(4 — 8)* < 0,

so (0,4) is a saddle point.
If (z,y) = (6,4), then

D(6,4) =0 — (6 —12)*(4 — 8)* < 0,

so (6,4) is a saddle point.
(5) We first find the critical points. Note that

folw,y) =20e™ — (2" +y")e ™™ = (2w —a2” —y*)e ™™, fy(a.y) =2ye ",
so if (z,y) is a critical point, it means that

(22 —2? —y*)e =0, 2ye*=0.

Since e~ % is never zero, this means
2r — 2> —y? =0, 2y=0.

Soy = 0, and 2o — 22 = 0, which means either = 0 or x = 2. So the critcial points are
(0,0) and (2,0).

To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

Fre(,y) = (2= 20)e™ — (20 — 2% — yP)e™™ = (2 — 4z + 2+ yD)e
fxy(xay) = _de—x’
fuy(x,y) =27,

So
D(2,y) = fou(@,y) fo(2,y) = fay(2,9)* = (4 — 82 + 22" + 2y)e™" — dyPe™™

e For the critical point (0, 0), we have

D(0,0)=4>0, f.(0,0)=2>0,

so (0, 0) is a local minimum.



e For the critical point (2, 0), we have
D(2,0) = (4 — 16 +8)e™* < 0,

so (2,0) is a saddle point.
(6) We first find the critical points. Note that

fo(z,y) = cosxsiny, f,(x,y) =sinzcosy,
so if (x,y) is a critical point, it means
cosxsiny =0, sinxcosy = 0.

So the first requirement is either cosz = 0 or siny = 0, and the second requirement is
either sinz = 0 or cosy = 0.

e If cosx =0, then sinz # 0, so cosy = 0.

e If siny = 0, then cosy # 0, so sinz = 0.
So (x,y) is a critical point if either cosz = cosy = 0 or sinz = siny = 0.

e If cosz = cosy = 0, then it means w,y are either § or —7. So the critical points

2
s s T T s s T T

coming out of this possibility are (=3, —%), (=5, %), (5, —%), (5, 5)-

e If sinx = siny = 0, then it means z, y are both 0, so the critical point coming out of
this possibility is (0, 0).
So the critcial points in the domain are (-5, —75), (=5, 5), (5, —%), (5, 5) and (0, 0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

faz(x,y) = —sinzsiny, fi,(z,y) =cosxzcosy, fy(x,y)=—sinzsiny,
SO
D(x,y) = sin® zsin” y — cos® x cos® y.
e For the critical point (=5, —7), we have
T ow T 7w
D(—=,—=)=1>0, fu(l-7,—%)=-1<0,
(2.0 frl 2T
so (—%,—%) is a local maximum.
e For the critical point (—7, ), we have
T Tom
D(—=,=)=1>0 w(—=,=)=1>0,
so (—7%, ) is a local minimum,
e For the critical point (3, —7), we have
T ow T oow
D(=,—=)=1>0 ez, —=)=1>0,
so (5, —%) is a local minimum.
e For the critical point (3, —7), we have
T oow T ow
D=, ——=)=1>0 (=, —=) = —1<0,
so (5, —%) is a local maximum.

For the critical point (0, 0), we have
D(0,0) = —1 < 0,
so (0, 0) is a saddle point.



(7) We first find the critical points. Note that

fa(z,y) =2ysinz, f,(r,y) =2y —2cosuz,
so if (x,y) is a critical point, we have
2ysine =0, 2y —2cosz = 0.
So y = cosx, and either y = 0 or sinx = 0. If y = 0, then cosx = 0, which means that

= T m 3m 5T ... Since —% ~ —1.57, 37“ ~ 4.71, 57” ~ 7.85, the points in the

) 99193 9 9

range —1 < x < Tarex = § and 37” If sinx = 0, then cosx could be either 1 or —1, so
y = 1 or —1. Note also that sinz = 0 in the range —1 < x < 7 means x = 0, 7 or 27,
because 3w ~ 9.42 > 7 and —7 ~ —3.14 < —1. So the critical points are (%,0), (2£,0),
(0,1), (0,=1), (m, 1), (m, —1), (27, 1), (27, —1).

To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fmm(xay) = 2y cosz, fzy(x7y) = 2sinw, fyy(xay> =2

So
D(x,y) = 4ycosx — 4sin® z.

e For the critical point (7, 0), we have

D(5,0) = —4 <0,
so (5,0) is a saddle point.
e For the critical point (2, 0),
3
D@%JD=—4<Q

so (2£,0) is a saddle point.
e For the critical point (0, 1), we have

D(0,1) =4>0, fu(0,1)=2>0,

so (0, 1) is a local minimum.
e For the critical point (0, —1), we have

D(0,~1) = —4 < 0,
so (0, —1) is a saddle point.
e For the critical point (7, 1),
D(m,1) = —4 <0,
so (m, 1) is a saddle point.
e For the critical point (7, —1),
D(m,—1)=4>0, foo(m,—1)=2>0,
so (m, —1) is a local minimum.
e For the critical point (27, 1),
D(2m,1)=4>0, fo.(27,1)=2>0,

so (27, 1) is a local minimum.
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e For the critical point (27, —1),
D(2m,—1) = -4 <0,

so (2m, —1) is a saddle point.
(8) We first find the critical points. Note that

folz,y) = =2(2*—=1)-(22) —2(z°y—2—1)- 2oy — 1) = —dw(2* —1) = 2(2zy — 1) (z*y —x — 1),
fyla,y) = =2(2’y — 2 — 1) - (%) = —22%(2%y —x — 1),
So if (x,y) is a critical point, this means
—dx(z? —1) - 222y — 1)(2®y —2 - 1) =0, —22%(2*y—x—1)=0.
The second requirement means either x = 0 or 2%y —x — 1 = 0.
e If x = 0, then the first requirement becomes
—2(=1)(=1) =0,
which is absurd.
o If 22y — x — 1 = 0, then the first requirement becomes
—4x(z* - 1) =0,
soeitherz =0,z =1lorz = —1.
- If z = 0, then 2%y — 2 — 1 = 0 becomes —1 = 0, which is absurd.
- Ifx = 1,then2?y — 2 — 1 = 0 becomesy —2 = 0,ory = 2. So (1,2) isa
critical point.
- Ifz = —1, then 2’y — v — 1 = 0 becomes y = 0, so (—1,0) is a critical point.

So the critical points are (1,2) and (—1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fro(z,y) = —4(a® = 1) — 4z - (22) — 2(2y)(¢®y — x — 1) — 2(2zy — 1)(2zy — 1)
= —4(z% — 1) — 822 — 4y(2®y — 2z — 1) — 2(22y — 1)?
foy(7,y) = —2(22)(2*y — v — 1) — 2(27y — 1)2?
fou(z,y) = —22%,

Note that for both (z,y) = (1,2) and (—1,0), we had 2%y — x — 1 = 0 and 2> = 1. Using
this, we have

fe(1,2) = =8 —2(4 — 1)* = —8 — 18 = —26,
fay(1,2) = =2(4 — 1) = —6,
fuy(1,2) = =2,
so D(1,2) = 52 — 36 > 0, and f,,(1,2) < 0, so (1,2) is a local maximum. For (—1,0),

we have

fxy(—l,(]) = _2(_1) =2,

fyy(_1>0) = -2,
so D(—1,0) =20 —4 > 0, and f,,(—1,0) <0, so (—1,0) is a local maximum.
1



(9) We first find the critical points. Note that
folz,y) = 3e¥ — 322, f,(v,y) = 3we? — 3%,
so if (x,y) is a critical point, it means
3¢ — 322 =0, 3ze’—3e% =0.

The second requirement says 3ze? = 3e%, or x = e%. The first requirement says 3¢e¥ =
322, or eV = 2. Thus,

r=e% = (e¥)? = (2?)? = 2.

This means either z = Qor 2® = 1, or x = 1. If z = 0, then ¢?¥ = 0, which is absurd. If
x = 1, then %Y = 1, so y = 0. Thus there is only one critical point, (1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fx:v(xvy) = _65(:) fxy(mvy) = 36y7 fyy(l‘ay) = 3xey - 963y‘
So
fmm(LO) - _67 fl"y(]-?O) - 37 fyy(lao) - _6
So
D(1,0) =36 —9 >0, fu(1,0)=—6<0,

so (1,0) is a local maximum.

17. GLOBAL MAXIMA AND MINIMA I

Exercise 1. Find the global maximum and minimum values of f on the given domain.
(1) f(x,y) = 2*> — 9%, on the domain 2 + 3*> = 1
(2) f(z,y) = xeY, on the domain z? + y? = 2
3) f(z,y) = zye ™ =Y, on the domain z2 4 y% = 1

Solution.

(1) The domain equation is g(x,y) = 1 where g(z,y) = x? + y?. So the global max/min
can occur at the Lagrange critical points, namely when V f(z,y) and Vg(z,y) are par-
allel. Since Vf(x,y) = (2x,—2y) and Vg(z,y) = (2z,2y), this happens either when
Vg(x,y) = (0,0), which is when z = y = 0, which contradicts z? + y? = 1, or there is \
such that (2z, —2y) = A\(2z, 2y). Since 2z = 2z, either A = 1 or z = 0.

o If \ =1, then —2y = 2y,s0y = 0. Then 2> = 1, so f(z,y) = 1.

o Ifz =0,theny? = 1,s0 f(x,y) = —1.

So the global max is 1 and the global min is —1.

(2) The domain equation is g(x,y) = 2 where g(z,y) = x? + y?. So the global max/min
can occur at the Lagrange critical points, namely when V f(z,y) and Vg(z,y) are par-
allel. Since Vf(z,y) = (e¥,ze¥) and Vg(z,y) = (2x,2y), This happens either when
Vg(x,y) = (0,0), which is when z = y = 0, which contradicts 72 + y* = 2, or there is A
such that (e¥, ze¥) = A\(2z, 2y). So 2\z? = 2)\y, so either A = 0 or 22 = y.

e If A = 0, then ¢¥ = 0, which is a contradiction.

o If 22 = y, then 22 + y?> = 2 becomes z* + 22 — 2 = 0. This factorizes into (2 —
1)(2? +2) = 0. So either 2 = 1 or 2 = —2. Since 27 is positive, 2> = 1, so either
r=1orx=—1.Thusy = 1.

12



So the Lagrange critical points are (1,1) and (—1,1). Since f(1,1) = eand f(—1,1) =
—e, the global max is e and the global min is —e.

(3) The domain equation is g(x,y) = 1 where g(z,y) = 2* + y*. So the global max/min can
occur at the Lagrange critical points, namely when V f(z,y) and Vg(x,y) are parallel.
Since Vf(z,y) = (ye™™ V" — 22ye "V pe ¥ — 2py?e " ¥") and Vg(z,y) =
(2x,2y), they can be parallel if there is A such that

(1—22%)ye ™ =2xz, (1-2%)ze ¥ =2\y.
So
(1 —222)2e ™Y = 2\ay = (1 — 2?)a?e Y

SO

(1—-22%)y* = (1 - 2y°)a?
Expanding out we get

y? — 222y = 22 — 207

1

or y? = z2. So either z = yorz = —y. Using 22 + 3> = 1, we get 222 = 1, or v = 7

or _\/Li' The function 22 + 92 is set to be 1, and xy is maximized when x = y which is

1/2 and minimized when x = —y which is —1/2. So the global maximum is % and the

et

global minimum is —-.

O

Exercise 2. Find the global maximum and minimum values of f on the given domain.
(1) f(x,y) =2*>+y*>+4x —4y,onz? + 3> <9
(2) f(x,y) =sin(zr +y),onz? +xy +y*> <3

Solution. Keep in mind that, in this case, we need to look for

e critical points on the domain, and
e Lagrange critical points on the boundary of the domain.

(1) e Critical points on the domain.
Note that
Vi(z,y)=(2x+4,2y — 4)
so Vf(z,y) = (0,0) means 22 +4 = 0and 2y — 4 = 0, or x = —2 and y = 2. Since
(—2,2) does belong to the domain x? + y? < 9, (—2,2) is a critical point.
e Lagrange critical points on the boundary of the domain.
On the boundary we have a domain equation g(z,y) = 9, where g(z,y) = 2> + y*
By the method of Lagrange multipliers, we would like to find a point (z,y) where
Vf(z,y) = (2x+4,2y —4 is parallel to Vg(x,y) = (22, 2y). This can happen either
when Vg(x,y) = (0,0) or there is A such that V f(x,y) = A\Vg(z,y).
- If Vg(z,y) = (0,0), this means x = y = 0, which does not satisfy the domain
equation 72 + y? = 9.
— Suppose there is A such that (2z + 4,2y — 4) = A\(2x, 2y). Then
20 +4 =2z, 2y—4=2\y
or
2=A—-1z, -2=0A-1)y

so (A — 1)z = —(A — 1)y. Thus, either A = 1 or x = —y.
13



« If A = 1, then 2 = (A — 1)z implies 2 = 0, so this doesn’t make sense.

x If v = —y, then 22 + y? = 9 implies that 222 = 9, or v = \:/% or —\%. Thus

the Lagrange critical points are (\%, — \3[) and ( \f f)
Thus the Lagrange critical points are (\%, —\%) and (— \/5, \/5)
The job is to compare the values of f(x,y) on the points we’ve found.
e Critical points on the domain.

~ f(=2,2) = -8.

e Lagrange critical points on the boundary of the domain.
—ﬂg?—%)=9+” 12—9+12\F
3 3\ _ 12 12 _
- (=% %) =9- f \[ =9-12v2.
Among these values, the largest value 9 + 124/2 is the global maximum value, and the
smallest value —8 is the global minimum value.

(2) e Critical points on the domain.
We have

Vf(z,y) = (cos(z +y),cos(x + 1))

so the critical points happen when cos(z 4+ y) = 0. This happens when x + y is an
odd integer times 7 (such as 7, 32” , —%)- Thus critical points are (z,y) when = + y is
an odd integer tlmes 5
e Lagrange critical points on the boundary of the domain.
On the boundary we have a domain equation g(z,y) = 3 where g(z,y) = z?+zy+y>.
Lagrange critical points are when V f(x,y) = (cos(z + y), cos(x + y)) is parallel to
Vyg(z,y) = (2z + y, x + 2y). This happens when either Vg(z, y) is zero or there is a
number A such that Vf(z,y) = AVg(z,y).

- If Vg(z,y) = (0,0), this means 2z + y = 0 and = + 2y = 0. Subtracting the
second equation from the first equation, we get z — y = 0, or z = y. Plugging
this back into 2z +y = 0, we get 3x = 0, or x = 0. So x = y = 0. This conflicts
with the domain equation 22 + zy + y? = 3.

— If there is a number A such that (cos(z + y), cos(z + vy)) = A2z + y,x + 2y),
this means A(2z + y) = A(z + 2y), or \(x — y) = 0. So either A\ =0 or x = y.

« If A = 0, then cos(z+y) = 0,s0 V f(x,y) = (0,0), so this case is subsumed
by the critical points on the domain.
* If x = y, then the domain equation 2 + 2y + y* = 3 becomes 322 = 3, or
?=1sor=1lorx=—1.
Thus the Lagrange critical points are (1, 1), (—1, —1) and possibly some critical points
(namely, x + y is an odd integer times 7).
The job is to compare the values of f(x,y) on the points we’ve found.
e Critical points on the domain.
— When z + y is an odd integer times 7, sin(z +y) = 1 or —1.
e Lagrange critical points on the boundary of the domain.

— £(1,1) = sin(2).

- f(—=1,-1) = —sin(2).

- Additionally, there might be some points with = + y equal to an odd integer
times 7, but these values were already considered above.

14



Among these values, the largest value 1 is the global maximum value, and the smallest
value —1 is the global minimum value.

O

18. GLOBAL MAXIMA AND MINIMA II

Exercise 1. Find the global maximum and minimum values of f on the given domain.
(1) f(z,y,2) = zy*z, on the domain {z? + y* + 22 = 4}
) f(z,y,2) = 2° + y* + 22, on the domain {22 + y* + 2% + 2y = 12}
(3) f(z,y,2) = z* + y* + 2%, on the domain {z? + y* + 2% = 1}

Solution. The problems in this Exercise are in the case of 3 variables and 1 equality. In this case,
we know there is no boundary (the domain has no inequalities in its expression), and we only
look for Lagrange critical points of the given domain.

(1) The domain is g(z,y, z) = 4 where g(x,y, 2) = 2? + y* + 2°.

V(@ 2) = (y*z, 2uyz,2y%), Vg(z,y,2) = (22,2y,22)
In order for them to be parallel, either Vg is zero or there is A such that V f(x,y,z) =
AVy(z,y, 2).
e IfVg(z,y,z) = (0,0,0), thenx = y = z = 0, which cannot happen as z? + 3>+ 2% =
4.
e If there is A such that V f(x,y, z) = AVyg(z,y, z), then

iz =2 x, 2uxyz =2\y, xy’ =2z

So
ry?z =222, xytz = Ay, zyiz = 2022
o)
22z? = My? = 2022
so either A = 0 or 222 = 3? = 222
— If A = 0, then the equations are %2 = 0, 22y2z = 0 and zy? = 0. From 3?2 = 0,
we see that either y = 0 or z = 0.
* If y = 0, all three equations are satisfied, and the only remaining condition
to check is 2% + 2% = 4.
 If z = 0, then the third equation zy* = 0 implies that either z = 0 or yy = 0.
As y = 0 case is already seen above, we can exclude it and say = = 0. Then
r = z = 0 with 22 + y? + 22 = 4 implies that y*> = 4. Thus, y = 2 or
y=—2.
Thus, in this case, the Lagrange critical points we obtain are either of the form
(2,0, z) with 22 + 22 = 4, or (0, 2,0), or (0, —2,0).
- If 222 = y? = 222, we use this with 2% + 3*> = 2% = 4 to get
2% 4 22° + 2% = 4,
or 22 = 1. Thus either z = 1 or z = —1. Similarly, as y* = 2, and 2% = 1, so
either y = V2 or Yy = —/2, and either z = 1 or z = —1.
Thus, in this case, the Lagrange critical points we obtain are either (1, \/5, 1),
(17 \/57 _1>’ (17 _\/57 1>’ (17 _\/57 _1>’ (_17 \/57 1>’ <_17 \/§> _1>’ (_17 _\/57 1)’

(=1, =2, -1).



The values of f(z,y,2) = zy*z at the points we found are:
o At (z,0,2) with 2? + 22 =4, f(2,0,2) =0

e £(0,2,0) =0

e (0,-2,0)=0

o f(1,V2,1)=2

o f(1,V2,—1)= -2
e f(1,—V2,1)=2

o f(1,—v2,-1)= -2
b f(_lv\/ga )Z —2
o f(—1,v/2,-1)=2
o f(—1,—v2,1) = =2
o f(—1,—V2,-1)=2

Combining all these, the global maximum value is 2 and the global minimum value is —2.
(2) The domain is g(z,y, z) = 12 where g(x,y, 2) = 2 + y* + 22 + a.
Vi(z,y,z) = (22,2y,22), Vg(z,9,2) = (2v +y,2y + z,22)
For them to be parallel, either Vg(z,y, z) is zero or there is A such that V f(z,y,2) =
AVy(z,y, 2).
e IfVy(z,y,z) = (0,0,0), then z = 0, and 2z +y = 0 and 2y + = = 0. This solves into
r—y = 0,501 = y,s0x = y = 0. This in turn is impossible as 2% + 1?4+ 2% +xy = 12.
e If there is A such that V f(x,y, 2) = AVyg(z,y, z), we have
20 = A2z +vy), 2y=A2y+uz), 2z=2X\z

From the third equation, either A = 1 or z = 0.
- If A\ =1, we have

20 =2rx+vy, 2y=2w+zx

so xz = 0 and y = 0. The domain equation then becomes 2?2 = 12. Thus, either
z=+120rz = —/12.

Thus, the Lagrange critical points we obtain in this case are (0,0,+/12) and
(0,0, —/12).

- If z = 0, we have
20 = A2z +vy), 2y=A2y-+u2)
Adding these two, we get
2(x +y) =3z +y)

so either v + y = 0 or 2 = 3\
x fx+y=0,ory =—x, we get 2z = Az, so either A = 0 or x = 0.
- If A = 0, then this means x = y = z = 0, which is not allowed.
- If z = 0, then y = 0, and we already had z = 0, so z = y = z = 0 which
is not allowed.

« If A = 2, then 20 = %(2z +y) implies 6z = 42 + 2y, or 2z = 2y, or x = y.
Putting this into the domain equation, we get 32> = 12, or 2> = 4. So
either v = 2 or x = —2. As © = y, the Lagrange critical points we obtain
in this case are (2,2,0) and (-2, —2,0).
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The values of f(z,y
. f(O o V12) =
£(0,0,—v12 )
f(2. 2, 0) —8
f(=2,-2,0)=38
So the global maximum value is 12, and the global minimum value is 8.
(3) The domain equation is g(x, ¥y, 2) = 1 where g(z,y, 2) = 2% + y* + 2%

Vi(z,y,2z) = (4a®,4y°,42%), Vg(x,y,2) = (27, 2y,22)

, ) = 2% + y? + 2? at the point we found are:

For them to be parallel, either Vg(z,y, z) is zero or there is A such that V f(z,y,z) =
AVg(z,y, 2).
o If Vy(z,y,2) = (0,0,0), z = y = 2 = 0, which is not allowed as 2 + 3> + 22 = 1.
o If there is A such that V f(x,y, 2) = AVg(zx,y, 2), then

43 =2z, 4P =2y, 42° =2\z

So from the first equation, either z = 0 or 202 = \.
- If z = 0, the second equation says either y = 0 or 2y? = \.
x Ify =0,thenz =y = 0, so 22 = 1. Thus, either z = 1 or z = —1.
Thus the Lagrange critical points we obtain in this case are (0,0,1) and
(0,0,—1).
 If 2y = ), the third equation says either z = 0 or 222 = \.
- If2=0,thenz = 2 = 0, so y?> = 1. Thus, eithery = 1 or y = —1.
Thus the Lagrange critical points we obtain in this case are (0, 1,0) and
(0,—1,0).
~If222 = N\ then 2y? = 222, Asa = 0,22 + 92 + 22 =1 implies that
y? = 2z = 1. This implies that either y = \% ory = —\/LQ, and either
2= dorz——2.
Thus the Lagrange critical points we obtain in this case are (0,

I

).

Sl-
Sl

(07 LQ’ _\%)’ (07 _\/LT \/Lg)’ (07 _%7 _\/LQ)
- If 222 = ), the second equation says either y = 0 or 2y% = .
* If y = 0, then the third equation says either z = 0 or 22? = \.
- If 2 =0,theny = 2 = 0, so 22 = 1. Thus, either v = 1 or x = —1.
Thus the Lagrange critical points we obtain in this case are (1,0,0) and
(—1,0,0).
- If 222 = )\ then 222 = 222 From 22 + y?> + 22 = land y = 0, we get

x? =22 = % Thus, either x = % orr = _\/Li’ and either z = \/Lﬁ or
= _L1

Z=— 1 1

Thus the Lagrange critical points we obtain in this case are (75 0, 75),

1 1 1 1 1 1

(757 Oa _75): (_757 Oa 75); (_Tia 07 _75)
* If 2y = ), the third equation says either z = 0 or 222 =\

Ifz = 0, then 22% = 2y* From z? + y* + 22 = 1 and 2z = 0, we get
= y2 = % Thus, either x = \/Li orx = _\/Li’ and either y = \/ié or

x?
y=

s.|~
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T};us thle Lagrang:: critical poin;cs we 1obtain in this case are (%, %, 0),
(757 _757 0)’ (_757 757 0)’ (_75’ _757 0)

- If 222 = ), then 22?2 = 2y? = 222, so from 22 + ¢ —|— 22 =1, we obtain
2=yt =22 = % Thus, either x = \/Lg orr = \[, either y = \f or
y = —%, and either 2 = = or 2 = — .

Thus the Lagrange critical points we obtain in this case are (%, \/L§7 \/Lg),

QD T
V3 V3 VB

w

w

(_ 1 _L) (L 1 L) (L L _L) (_L 1 L)
VBIVE VB VB VBIWBRAVE VBT VBT VB VBT VS
—m-wvuCn-mn)

The values of f(z,y,2) = z* + y* + 2* at the points we found are:

e (0,0,1) =

o £(0,0,-1) =1
of(O,l,O):l

e f(0,—-1,0) =1

o f(0. 75 75) =3
.f(ov%ﬁv_%):%

e 700
.f(0>_\/L§7_\/L§):%
e f(1,0,0) =1

e f(—1,0,0) =1
.f(\/Lﬁa[L\/Lﬁ):%
.f(%a()?_%):%
.f(_\%voa\%):%

hd f(_%vov_\%) :%
.f(%a%?()):%
.f(\/Lﬁv_\/LﬁvO):%
.f(_\%v\%?()):%

i f(—\%,—%,()) :%
.f(\/Lga\/Lgv\/Lg):%
5%
.f(%’_%’%):%
.f(\/Lga_\/Lga_\/Lg>:%
.f(_\/Lgv\/Lgv\/Lg):%
.f(_\/Lgv\/L@_\/Lg):%
FEETE
b f(_\/iga_\/iy_\%) :%

(Really you don’t have to write all down like this because we know f(z,y, z) does not
care about the sign of z, y, 2, so you could for example express the last 8 rows compactly
as f(£5, £ \1[, +=) = 3:lam just writing like this for completeness)

Thus the global minimum value is %, and the global maximum value is 1.

37
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Exercise 2. Find the global maximum and minimum values of f on the given domain.
(1) f(z,y,2) = zyz, on the domain {z? + ¢* + 22 < 1}
() f(z,y,2) = 2% +y? + 2% on the domain {z* + y* + 2% < 1}
(3) f(x,y,z) = 2> + y* + 2%, on the domain {2? + y*> + 2°> + vy — 22 —yz < 1}

Solution. The problems in this Exercise are in the case of 3 variables and 1 inequality. In this case,
we know we need to look for two types of points:

e critical points of the original domain,
e Lagrange critical points of the boundary domain.

(1) e Critical points of the original domain.
Note
Vi(,y,2) = (yz 2z,2y),
so this is zero if yz = 0, zz = 0, and zy = 0. These three equations imply that at
least two of z, y, z are zero.
Thus, the Lagrange critical points we obtain in this case are (z,0,0) with 2% < 1,
(0,y,0) with y*> < 1, and (0,0, z) with 22 < 1.
e Lagrange critical points of the boundary domain.
The boundary is expressed as g(z, 3, 2) = 1, where g(z,y, 2) = 2*+y*+2% Lagrange
critical points happen when V f(x,y, 2) = (yz,xz, xy) are parallel to Vg(z,y, z) =
(2x,2y, 2z). This happens either when Vg(x, y, z) is zero or there is a number A such
that Vf(z,y,2) = AVg(x,y, 2).
- If (2x,2y,2z) = (0,0,0), z = y = z = 0. This contradicts with the domain
equation 2 + y? + 22 = 1.
— If there is a number A such that V f(z,y, z) = AVg(z, vy, z), we have

yz =2 r, xz=2\y, xzy=2\z

So
ryz =201, wyz =207, wyz = 2027
so 2 x? = 2\y? = 2)22. So either A = 0 or 22 = 32 = 22
x If A = 0,then Vf(z,y, z) = (0,0, 0), so this is already deal with as a critical
point of the original domain.
x If 22 = y? = 22, then from 22 + y? + 22 = 1, we have 2° = 9> = 22 =
1 1

Thus, each x, y, z is either 73 0T — 5

Thus, the Lagrange critical points we obtain in this case are (\/Lg, \/L§7 \/Lg),

(L L _L) (L L L) (L L _L) (_L L L) (_L 1 _L)
VBIVE VB VB VB WBRAVET VBT VB VB VBT VB VBT VS VD
(

B VIR e S B
The values of f(x,y, z) = xyz at the points we found are:
o At (2,0,0) with 2% < 1, f(2,0,0) = 0.
e At (0 )
e At (0,0, 2) with 22 < 1, £(0,0,z) = 0.
1
v
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From this, the global maximum value is ﬁg and the global minimum value is _ﬁg'

e Critical points of the original domain.

Note

Vf(z,y,z) = (2z,2y,22)

So the critical point is (0, 0, 0).
e Lagrange critical points on the boundary.
The boundary domain is expressed as g(x,y,2) = 1 where g(z,y,2) = z* + y* +

4

z*. Lagrange critical points happen when V f(z,y, 2) is parallel to Vg(z,y,2) =

(423, 493, 42%). This happens either when Vg(z, y, 2) is zero or when there is A such
that V f(x,y,2) = AVyg(z,y, 2).
- IfVyg(z,y,2z) = (0,0,0), then z = y = z = 0, which contradicts the domain
equation 2% + y* + 2% = 1.
— If there is A such that (2z, 2y, 2z) = A(4a3, 493, 423), we have

20 =4 x®, 2y =4 P, 2z =4\

From the first equation, either r =0 or 2 = ANT2.

* If x = 0, the second equation tells either y = 0 or 2 = 4\y°.

- Ify = 0, then x = y = 0 implies 2* = 1, so 22 = 1. Thus, either 2 = 1 or

z=—1
Thus, the Lagrange critical points we obtain in this case are (0,0, 1),
(0,0,—1).

- If 2 = 4)\y?, then the third equation tells either z = 0 or 2 = ANZ2.

UIf 2 = 0, then x = 2z = 0 implies y* = 1, so y* = 1. Thus, either
y = 1 or y = —1. Thus, the Lagrange critical points we obtain in this
case are (0,1,0), (0,—1,0).

O If 2 = 4X\z2, then ¢? = L — 22 while z = 0, so 2y = 1 or

2X
yt = L, s0 97 = \/LE = 22, Thus, y and z are either 412 or —%.
Thus, the Lagrange crltlcal points we obtain in this case are (0, %f L\[)
(07 FGR _%)’ (07 \4[ \1[) (O’ \}5’ _%)'
x If 2 = 4\2?, then 22 = 2 . The second equation tells either y = 0 or

2 = 4\

- If y = 0, then the third equation tells either z = 0 or 2 = 422
UOIfz=0,theny = 2z = Olmphesthatac =1, or 22 = 1. Thus, z is
either —1 or 1. Thus, the Lagrange critical points we obtain in this case
are (1,0,0), (—=1,0,0).
OIf2 = 4)\22, then 22 = % So 22 = 22 whiley = 0, so 2z* = 1,
1 1 1

4 2 1 3 .

r = z, 0or = = = z°. Th n re either 4= or —+4=.

or ¥ or ¥ 7 z us, z and z are eithe 75 O 7
2
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Thus, the Lagrange critical points we obtain in this case are (—4\}—5, 0, —4\}—5),

(4%@707 _%)3 (_%707 %L (_é%a 0: _%»

* If 2 = 4)\y?, then ¢* = % = 22, The third equation tells either z = 0 or
2 =422
- If 2 = 0, then 22* = 1, or 2* = %, or 2 = \/Li = y?. Thus, x and y are
either é/Li or —%.
Thus, the Lagrange critical points we obtain in this case are (%, %, 0),
(%7 _%) 0)’ (__4\}_§a %) 0)’ (__4\}_§a __4\}_§a O)
- If 2 = 4)\22, then 2% = % =22 = % 503z = 1, or 2* = %,or
2=y =22= \/Lg Thus, x, y, z are either % or —%.
Thus, the Lagrange critical points we obtain in this case are (q\}—g, —4\}—5, —4\}—5),
(L 1L _L) (L 1 L) (L 1 _L) (_L L L) <_L L _L)
%;%’1%1’ (‘/5’1%/5’31/3’41{5’ V31PN BT BT BN U VB VB

(_%a _%a %)s (_%, —%, —%)
The values of f(z,y,2) = 2% + y? + 2% at the points we found are:

e f(0,0,0)=0

e (0,0,1) =

e f(0,0,—-1)=1

e f(0,1,0) =1

e f(0,—-1,0)=1

° 0’_4\}_5’_4\}_5):\/5

[ ] 0’]\}—5,—%/1—5):\/5

b 07_%7%2):\/5
07_%7_%) :\/§
1,0,0) =

|
—_

[ J
T T T e T e s

0 - v
° —%2,0,—%2):\/5
° %,%,O): 2

I
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hd f(_%;y _%7 _%)
Thus, the global maximum value is /3, and the global minimum value is 0.
(3) e Critical points of the original domain.
Note
Vi(x,y,z) = (2x,2y,2z2)

so the critical point is (0, 0, 0).

e Lagrange critical points of the boundary domain.
The boundary domain is expressed as g(x,y,2) = 1 where g(z,y,2) = 22 + y* +
2? + ry — vz — yz. Lagrange critical points happen when V f(x, v, z) is parallel to
Vy(z,y,z) = (2x+y—=z,2y+x—2z,2z—x—y). This happens when either Vg(z, y, 2)
is zero or there is a number A such that V f(x,y, 2) = AVg(z,y, 2).

- IfVyg(z,y,z) = (0,0,0), we have

2r4+y—2=0, 2y+xr—-—2=0, 2z2—2—-—y=0

If we add all three, we get 2z + 2y = 0,orz +y = 0. So 22 = 0, so z = 0.
So2x+y=2=0,sor =0,andy = 0. But z = y = 2z = 0 contradicts the
boundary domain equation z* + 4% + 2% + 2y — vz — yz = 1.

— If there is A such that V f(z,y, 2) = A\Vg(z,y, z) we have

2e=AN2x+y—2), 2u=A2y+z—2), 22=AN2z—2x—1y)
If you subtract the second equation from the first equation, you get
2(z —y) = Mz —y),

so eitherz —y =0or A = 2.
x If v —y = 0, then x = y, so we have

2e =A3x —z), z=Az-—12)
If you add them you get
20+ z = 2\w

s0 z = 2(A — 1)z. On the other hand, the second equation tells you Az =
(A—=1)z,s0

M=(A—1)z=2A—1)’z = (2)\*> — 4\ + 2)x

so either x = 0 or A = 2\ — 4\ + 2.
- If z = 0, then y = 0, so the domain equation becomes 2> = 1. Thus,

either z = 1orz = —1.
Thus, the Lagrange critical points we obtain in this case are (0,0, 1),
(0,0, —1).

CIEA=2) — 4\ +2,then 2\ — 5\ +2 = 0,50 (2A — 1)(A —2) =0, s0
eitherA:%or)\:Z
OIf\ = %,then we have

1 1
2x:§(3x—z), z:é(z—x)
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or
dr=3xr—2, 2z2=z—=x

or z = —z. So x = y = —2z. The domain equation becomes 622 =1, or
x? = %. Thus either x = \/ié orx = —\/Lé, and y = x and z = —x. Thus,
the 1Lagraiflgelcritical points we obtain in this case are (\/Lé’ \/Lé, —\/Lé),
(=35 =75 v8)

[J The A = 2 case is subsumed to the later more general case below.
* If A = 2, then we have
r=2r+y—=z2 yYy=2y+r—2 z=22—x-—1Y,
so all three are exactly equivalent to  + y = z. The boundary domain
equation becomes
Py @y taoy—(@+y) =1,

orz? +ay+y? =1
Thus, the Lagrange critical points we obtain in this case are (x,y,z + ),
where 22 + 2y + 3% = 1.

The values of f(z,y,2) = 2% + y* + 2? at the points we found are

hd f(0,0,0)fO

e f(0,0,1)=1

b f(ovoa_l) =1

L4 f(%a%@a_%@):%
b f(_\/Lgv_\/L@\/Lg) :%

o At (z,y,x +y) with 2 + oy + 9> = 1, f(z,y,x +y) = 2* +y° + (z +y)* =
202 + 2oy + 2% = 2(2% +xy + y?) = 2.
Thus, the global maximum value is 2 and the global minimum value is 0.

Exercise 3. Find the global maximum and minimum values of f on the given domain.
(1) f(x,y,z) = z onthe domain {22 +¢y* + 22 =1, 2 +y — 2 =0}
(2) f(z,y,2) = 2% + y? on the domain {7 + y*? + 2* = 50, x* — z = 0}
Solution. The problems in this Exercise are in the case of 3 variables and 2 equalities. In this case,
we know we need to look for the Lagrange critical points of the given domain.
(1) The domain equations are g(z, ¥y, 2) = 1and h(x,y, z) = 0 where g(x,y, z) = 2> +y*+ 2>
and h(z,y,2) =z +y — 2. Thus
Vf(zx,y,z)=1(0,0,1), Vg(z,y,2)=(22,2y,2z), Vh(x,y,z)=(1,1,-1)
Lagrange critical points are when either Vg(z, v, 2) or Vh(z,y, z) are zero,or V f(z,y, 2) =
AVy(z,y, z2)+uVh(z,y, z). Note that Vh(z, y, z) isnot zero, and Vg(z,y, 2) = (2, 2y, 22)

is zero if x = y = z = 0, which does not lie in the domain because of the domain equation
2% + y? + 22 = 1. Thus we need to solve

Vf(z,y,2) = AVg(z,y,z) + uVh(z,y,z)

or

0=2 z+pu, 0=2\y+p, 1=2 z—pu
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From the first two equations, 2 Az = 2y, so either A\ =0 or z = y.
e If A =0, we have u = 0 and 1 = —pu, which is a contradiction.
e Ifx = y, the domain equations say 22°+2% = 1 and 2z = z. Thus, 62> = 1,orx =

or —\/ig. Thus the Lagrange critical points are (\/Lé, \/ié, \/lé) and (—\/ié, —\/ié? —\%).

The values of f(z,y, z) at the Lagrange critical points are f(\/ié, \/Lé, \/lg) = \/lg and f(—%, v

(2) The domain equations are g(z,y,2) = 50 and h(z,y,2) = 0 where g(z,y,2) = 2% +
y* + 22 and h(x,y,2) = = — 2. This happens either when Vg(z,y,2) = (2z,2y,2z)
or Vh(z,y,z) = (1,0, —1) is zero, or when V f(z,y,2) = AVyg(x,y,2) + uVh(z,y, 2).
The former case can only happen when 2z = 2y = 2z = 0, which does not satisfy
2% + y? + 22 = 50. Thus we need to solve

Vf(z,y,2) = AVg(z,y, 2) + pVh(z,y, 2)

—\%. Thus, the global maximum value is <= and the global minimum value is —

or
(2x,2y,0) = A\(2z,2y,2z) + (1,0, —1)
or
20 =2 x4+ pu, 2y=2Xy, 0=2Xz—pu
From the second equation, either A = 1 or y = 0.
e If\=1,wehave2r =2x 4+ ppor0 =2z — p. So, u = 0and 2z = 0. Thenx — 2 =0
means = 0, so y> = 50. Thus the Lagrange critical points are (0,+/50,0) and
(0, —v/50, 0).
o If y = 0, then 2% + 2? = 22? = 50, so the Lagrange critical points are (5,0,5) and
(—5,0,—5).
The values at the Lagrange critical points are f(0,/50,0) = 50, f(0, —v/50,0) = 50,
f(5,0,5) =25, f(—5,0,—5) = 25. Thus, the global maximum value is 50 and the global
minimum value is 25.

U

19. GLOBAL MAXIMA AND MINIMA III

Exercise 1. List all the nonempty boundary pieces of the domain. Mark every boundary piece
that is a bunch of points.
M) {(z,y)|0<2+y<1}
@) {(z,y) |2* +4y* <4, v > 1}
) {(z,y) [v+2y* <0, v +y < —1}
@) {(z,9) |0<2 <2, 0<y <2}
G) {(z,y,2) |2?+y*+22 <1, z+y <1, z>1}
©) {(z,y,2) | *+y* =2, 2 +y>1, 2 <5}

Solution.
(1) What you naturally get are
() |o+y=0,2+y<1)
{(z,9) |0<z+y, v +y=1}

{(z,y) |z4+y=0, z+y=1}
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The third domain is obviously empty. Also, since the condition z + y < 1 is redundant
under the other condition z + y = 0, and since the condition 0 < x + y is redundant
under the other condition x +y = 1, we can express the nonempty boundary pieces more
simply as
{(z,y) [z +y =0}
{(zy) [z +y=1}
(2)
{(z,y) |2* +4y* =4, 2 > 1}
{(z,y) | 2 + 4> <4, x =1}

{(z,y) | 2° + 4y* = 4, x = 1} | + Bunch of points

The last one is a bunch of points because it is defined by 2 equalities in a 2-variables
xy-plane.
(3)
{@y) |z +2" =0, 2+y< -1}

{@y) |z +2" <0, 2 +y=-1}
{(z,y) |z +2y* =0, . +y = —1} |+ Bunch of points

The last one is a bunch of points because it is defined by 2 equalities in a 2-variables

xy-plane.
(4) What you naturally get are
{(z,y9) | 0=z, 2 <2, 0<y <2}
{(z,y9) | 0< 2z, 2=2,0<y <2}
{(z,9) [0<2<2, 0=y, y<2}
{(z,9) [0<2<2,0<y,y=2}
{(z,y) | 0=z, 2=2,0<y <2}
{(z,y) | 0=2,2<2, 0=y, y <2}
{(z,9) |0=2,2<2, 0<y,y=2}
{(z,9)|0< 2, =2, 0=y, y <2}
{(z,9) |0< 2z, 2=2,0<y, y=2}

{(zy)0<2<2, 0=y,y=2}
But y = 0, y = 2 are conflicting conditions, and similarly z = 0, v = 2 are conflicting
conditions. Moreover, x < 2 is redundant under the condition = 0, etc. So, simplifying
it, we are left with only 8 boundary pieces,

{(z,y)[r=0,0<y<2}
{(z,y) |[z=2,0<y <2}
{(,y) [0<z <2,y =0}
{(z,9) [0 <2 <2,y =2}
{(z,y) | x =0, y = 0} | - Bunch of points

{(z,y) | x =0, y = 2} | <~ Bunch of points
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{(z,y) | x =2, y = 0} | - Bunch of points

{(z,y) | * =2, y = 2} | < Bunch of points

The last four domains are bunches of points because they are defined by 2 equalities in a
2-variables xy-plane.

(5) 1
{y )+ +2" =L oty <l 2>}

1

{wy.2)[2* +y+22 <L oty=10>}

1

{(my,2) 2"+ +27 <L aty<l o=}

1

{(w,y.2)|* +y*+ =L a+y=1 2>}
{(z,y,2) | * +y*+2"=1L 2+y<1, 2=}

{(zy,2) |2+ + 22 <1, o +y=1, z =5}

1
{(z,y,2) | 2*+y*+ 2" =1, z+y=1, xzé} < Bunch of points

The last one is a bunch of points because it is defined by 3 equalities in a 3-variables
xyz-space.
(6)
{(z,y,2) | 2* +y* =2 o +y=1, 2 <5}

{(z,y,2) | 2* +y* =2 2 +y>1, 2=5}

{(z,y,2) | 2> +y* = 2% x+y =1, z = 5}| + Bunch of points

The last one is a bunch of points because it is defined by 3 equalities in a 3-variables
xyz-space.

0

Exercise 2. Find the global maximum and minimum values of f(x,y) on the domain D.
(1) f(z,y) = 2% + y* — 2z, and D is the triangular domain with vertices (2,0), (0,2) and
(0, —2), including boundaries.
(2) f(z,y) = x+y+axy, and D is the triangular domain with vertices (0, 0), (0, 2), and (4, 0),
including boundaries.

B) flr,y)=2>+y*+2*y+4,and D= {(z,y)| —1<z<1, -1<y<1}L
@) f(z,y) =2+ oy +y*—6y,and D = {(2,y) | -3 <2 <3, 0<y <5}
G5) flz,y) =2 +2y* — 20 —4y+ l,and D = {(z,y) | 0 <2 <2,0 <y <3}

Solution. (1) The domain is expressed as

There are 7 types of points you have to look for.

(a) Critical points of the original domain.
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(b) Lagrange critical points of the boundary piece #1,
{r=0,24+y<2, y—x>-2}
(c) Lagrange critical points of the boundary piece #2,
{r>0,z4+y=2y—oz>-2}
(d) Lagrange critical points of the boundary piece #3,
{r>0,24+y<2, y—ao=-2}
(e) All points of the boundary piece #4,
{r=0,24+y=2,y—x> -2}
(f) All points of the boundary piece #5,
{r=0,24+y<2 y—o=-2}
(g) All points of the boundary piece #6,
{r>0,z+y=2y—o=-2}

Let g(z,y) = =, Mz, y) = +y, i(x,y) =y — .
(a) Critical points of the original domain.
The equations are

Vi(r,y) =(0,0), g(x,y) >0, h(zr,y) <2, i(r,y) > —2.

As Vf(z,y) = (2z — 2, 2y), this is equal to (0, 0) exactly when z = 1 and y = 0. As

(1,0) satisfies all three inequalities, x > 0, x +y < 2,y — x > —2, we get

the list.
(b) Lagrange critical points of the boundary piece #1,

{r=0,24+y<2 y—z>-2}

Case A The equations are

Vg(z,y) =0,0), g(z,y) =0, h(z,y) <2, i(z,y) > 2.

(1,0) |on

As Vg(z,y) = (1,0), this can never be equal to (0, 0). So there are no points

from this case.
Case B The equations are

Vi(r,y) =AVyg(z,y), g(z,y) =0, h(z,y) <2, i(z,y) > —2.

We have (2x — 2,2y) = A(1,0) = A\, 0), so this means that 2y = 0, or y = 0.

As x = 0, and (0, 0) satisfies both x + y < 2 and y — x > —2, we have | (0, 0)

on the list.
(c) Lagrange critical points of the boundary piece #2,

{r>0,z24+y=2,y—x> -2}

Case A The equations are

Vh<l’,y) = <070>7 g(ai,y) > O? h<x7y) = 27 Z(;U,’y) > =2

As Vh(z,y) = (1,1), this is never (0,0). Thus there are no points from this

case.
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Case B The equations are
Vf(x,y) = AVh(z,y), g(z,y) 20, h(z,y) =2, i(z,y) = 2.
We have (2z — 2,2y) = A(1,1) = (A, \), this implies that 2z — 2 = 2y. Thus
r—1=y. Asx+y=2,wehave2r — 1 =2,0or2x =3,0orx = %,andy: %

31
This satisfies both x > 0 and y — x > —2, so we get (5, 5) on the list.

(d) Lagrange critical points of the boundary piece #3,
{r>0,24+y<2, y—z=-2}
Case A The equations are
Vi(z,y) = (0,0), g(z,y) 20, h(z,y) <2, i(z,y) = 2.

As Vi(z,y) = (—1,1), this is never equal to (0,0). Thus there are no points
from this case.
Case B The equations are

V(z,y) = AVi(z,y), g(x,y) =20, h(z,y) <2, i(z,y) = —2.
We have (2z — 2,2y) = A(—1,1) = (—A, \), so this means 2z — 2 = —2y, or

r—1l=—-yorz+y=1Asy—x=—-2,wehave2y = —1,ory = —%,and
3 1
x = 3. This satisfies both z > 0 and z + y < 2, so we get (5, —5) on the list.

(e) All points of the boundary piece #4,
{r=0,24+y=2,y—x> -2}

The equations are just the domain equations, so z = 0 and y = 2. This satisfies

y — x > —2. Thus we get a point | (0, 2) | on the list.

(f) All points of the boundary piece #5,
{r=0,24+y<2, y—z=-2}
The equations are just the domain equations, so z = 0 and y = —2. This satisfies

x +y < 2. Thus we get a point | (0, —2) | on the list.
(g) All points of the boundary piece #6,

{t>0,z4+y=2,y—z=-2}

The equations are just the domain equations. Adding x +y =2 and y — x = —2, we

get 2y = 0, or y = 0. From this, z = 2. As x > 2 is satisfied, we get a point | (2, 0)
on the list.
The list of values on the candidate points is:
e f(1,0)=-1
0
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So the global maximum value is 4, and the global minimum value is —1.
(2) The domain is expressed as

{r>0,y>0, 2 +2y <4}

There are 7 types of points you are looking for.
(a) Critical points of the original domain.
(b) Lagrange critical points of the boundary piece #1,

{z=0,y>0,z+2y <4}
(c) Lagrange critical points of the boundary piece #2,
{r>0,y=0, v +2y <4}
(d) Lagrange critical points of the boundary piece #3,
{z>0,y>0, z+2y=4}
(e) All points of the boundary piece #4,
{r=0,y=0, x+2y <4}
(f) All points of the boundary piece #5,
{r=0,y>0, x+2y=4}
(g) All points of the boundary piece #6,
{r>0,y=0, x+2y =4}

Let g(z,y) =z, h(z,y) =y, i(z,y) = x + 2.
(a) Critical points of the original domain.
The equations are

Vf(z,y)=(0,0), g(z,y) >0, h(z,y) >0, i(z,y) <4

AsVf(xz,y) = (1 +y,1+ z), the equation Vf(z,y) = (0,0) means v = y = —1.
This is not on the domain, so we get no points from this case.
(b) Lagrange critical points of the boundary piece #1,

{z=0,y>0, z+2y <4}
Case A The equations are
Vy(z,y) =(0,0), g(z,y) =0, h(z,y) =20, i(z,y) <4

As Vg(z,y) = (1,0) is never (0, 0), we get no points from this case.
Case B The equations are

Vi, y) = AVy(z,y), g(z,y) =0, h(z,y) =0, i(z,y) <4
We have (1+y, 1+x) = A(1,0) = (A, 0). This implies thatz = —1. Asz = —1
is not in the domain, we get no points from this case.

(c) Lagrange critical points of the boundary piece #2,

{£>0,y=0, v +2y <4}
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Case A The equations are
Vh(z,y) =(0,0), g(z,y) =20, h(z,y) =0, i(z,y) <4

As Vh(z,y) = (0, 1) is never (0, 0), we get no points from this case.
Case B The equations are

Vf(x,y) = AVh(z,y), g(z,y) >0, h(z,y) =0, i(z,y) < 4

We have (1 +y,1+z) = X\(0,1) = (0, \), which meansy = —1. Asy = —1is
not in the domain, we get no points from this case.
(d) Lagrange critical points of the boundary piece #3,

{£>0,y>0, v+2y =4}
Case A The equations are
Vi(z,y) =(0,0), g(z,y) 20, h(z,y) =20, i(z,y) =4

As Vi(z,y) = (1,2) is never (0, 0), we get no points from this case.
Case B The equations are

Vf(z,y) = AVi(z,y), g(z,y) >0, h(z,y) >0, i(z,y) =4

We have (1 + y,1 + z) = X(1,2) = (\,2\), we have 2(1 + y) = 1 + x, or
1+ 2y = x. As we also have = + 2y = 4, this means that 4y + 1 =4, ory = %,

and z = 1+ 2 = 3. As this is not in the domain, we get no points from this
case.

(e) All points of the boundary piece #4,
{r=0,y=0, z+2y <4}

This is just the point | (0,0) |
(f) All points of the boundary piece #5,

{r=0,y>0, v+2y =4}

From z = 0, 2y = 4, so y = 2, so this is the point | (0, 2) |
(g) All points of the boundary piece #6,

{r>0,y=0, v+2y =4}

From y = 0, z = 4, so this is the point| (4, 0) |
The list of values on the candidate points is:

e f(0,0)=0
e f(0,2)=2
o f(4,0)=4

So, the global maximum value is 4, and the global minimum value is 0.
(3) There are 9 types of points we need to look for.
(a) Critcial points of the original domain.
(b) Lagrange critical points of the boundary piece #1,
(c) Lagrange critical points of the boundary piece #2,
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(d) Lagrange critical points of the boundary piece #3,
{-1<z<1,y=-1}
(e) Lagrange critical points of the boundary piece #4,
{-1<z<1,y=1}
(f) All points of the boundary piece #5,
{z=-1,y=-1}

(g) All points of the boundary piece #6,
{r=-1Ly=1}

(h) All points of the boundary piece #7,
{r=19y=-1}

(i) All points of the boundary piece #8,

{r=19y=1}

Let g(z,y) = @, h(z,y) = y.
(a) Critcial points of the original domain.
The equations are

As Vf(x,y) = (2 + 22y, 2y + x*), this is equal to (0, 0) means 2z + 2zy = 0 and
2y + x* = 0. From 2z + 2zy = 2x(1 + y) = 0, we know either z = 0 or y = —1.
o If z = 0, then 2y + 2> = 0 implies y = 0. As (0,0) is in the domain, we get
(0,0) | as a point on the list.
o If y = —1, then 2y + 22 = 0 implies 22 = 2. So either z = V2orz = —v2.
As we need —1 < z < 1, neither of the options is in the domain, so we get no
points in this case.
(b) Lagrange critical points of the boundary piece #1,

Case A The equations are
Vy(z,y) = (0,0), g(z,y) = =1, =1 < h(x,y) <1
As Vg(z,y) = (1,0), this is never (0, 0). Thus we get no points in this case.
Case B The equations are

This is (2 + 2zy, 2y + 2%) = A(1,0) = (A, 0), so 2y + 2> = 0. As z = —1, this

1
means 2y = —1,ory = —%. As this is in the domain, we get | (—1, —5) as a

point on the list.
(c) Lagrange critical points of the boundary piece #2,
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Case A The equations are
Vy(z,y) = (0,0), glz,y) =1, =1 < h(z,y) <1

As Vg(z,y) = (1,0), this is never (0, 0). Thus we get no points in this case.
Case B The equations are

Vf(z,y) = AVg(z,y), g(z,y) =1, =1 < h(z,y) <1

This is (2z + 2zy, 2y + 22) = A(1,0) = (\,0), s0 2y + x? = 0. As x = 1, this

1
means 2y = —1,ory = —%. As this is in the domain, we get|(1,—=)|as a

2

point on the list.
(d) Lagrange critical points of the boundary piece #3,

{-1<z<1 y=-1}
Case A The equations are

As Vh(z,y) = (0, 1), this is never (0, 0). Thus we get no points in this case.
Case B The equations are

Vf(x,y) = /\Vh(&?,@/), -1< g(.%‘,y) < 17 h(l’,y) = -1

This is (22 + 2y, 2y + 2?) = A\(0,1) = (0, ), so 2z + 22y = 0. Asy = —1,
we actually see that any point | (z, —1) |with —1 < 2 < 1 is a Lagrange critical
point.

(e) Lagrange critical points of the boundary piece #4,

{-1<z<1,y=1}

Case A The equations are
Vh(z,y) =(0,0), =1 <g(z,y) <1, h(z,y) =1

As Vh(z,y) = (0, 1), this is never (0, 0). Thus we get no points in this case.
Case B The equations are

Vf(z,y) = AVh(z,y), -1 < g(z,y) <1, h(z,y) =1

This is (22 + 22y, 2y + %) = X(0,1) = (0, \), so 2z + 2zy = 0. Asy = 1, we
have 4z = 0, so x = 0. As this is in the domain, we get| (0, 1) | as a point on the

list.
(f) All points of the boundary piece #5,

{{L‘: _17 Y= _1}

This is just the point|(—1, —1) |
(g) All points of the boundary piece #6,

{z=-1,y=1}
This is just the point | (—1,1) |
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(h) All points of the boundary piece #7,
{z=1y=-1}

This is just the point| (1, —1) |
(i) All points of the boundary piece #8,

{fz=1y=1}

This is just the point | (1,1) |

The list of values on the candidate points are:
e f(0,0)=14

b f(_17_%> = _%

o J1L-h=1-1-

efFor—-1<z<1,f

—~
8
|
=
I
8
no
+
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|
8
no
+
W~
|
ot

So, the global maximum value is 7, and the global minimum value is 4.
(4) There are 9 types of points we need to look for.
(a) Critcial points of the original domain.
(b) Lagrange critical points of the boundary piece #1,

{r=-3,0<y<5}

(c) Lagrange critical points of the boundary piece #2,
{r=3,0<y<5}

(d) Lagrange critical points of the boundary piece #3,

{-3<2<3,y=0}
(e) Lagrange critical points of the boundary piece #4,

{-3<2<3,y=>5}
(f) All points of the boundary piece #5,

{r=-3y=0}
(g) All points of the boundary piece #6,
{r=-3,y=>5}
(h) All points of the boundary piece #7,
{r=3,y=0}
(i) All points of the boundary piece #8,
{z =3, y=5}

Let g(z,y) = @, h(z,y) = y.
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(a) Critcial points of the original domain.
The equations are

AsV f(z,y) = (2z +y, 2y — 6), this being equal to (0, 0) means that 2z +y = 0 and
2y — 6 = 0. In particular, y = 3 and 2z = —3,s0z = —%. As this is in the domain,

3
we get a point (—5, 3) | on the list.

(b) Lagrange critical points of the boundary piece #1,
{r=-3,0<y<5}
Case A The equations are
Vy(z,y) =(0,0), g(z,y) = =3, 0 <h(z,y) <5

As Vg(z,y) = (1,0) is never (0, 0), we get no points in this case.
Case B

Vi(z,y) =AVg(z,y), 9(x,y) = =3, 0 < h(z,y) <5
We have (22 + y,2y — 6) = A(1,0) = (\,0),s02y —6 = 0, ory = 3. As
r = —3, we get|(—3,3) |on the list.
(c) Lagrange critical points of the boundary piece #2,

{r=30<y<5}

Case A The equations are
Vy(z,y) =(0,0), g(z,y) =3, 0<h(z,y) <5

As Vg(z,y) = (1,0) is never (0, 0), we get no points in this case.
Case B

Vi(z,y) = AVy(z,y), g(z,y) =3, 0 <h(z,y) <5
We have (22 +y, 2y —6) = A(1,0) = (A,0),s02y —6 =0,0ory = 3. Asxz = 3,
we get| (3, 3) |on the list.
(d) Lagrange critical points of the boundary piece #3,

Case A The equations are
Vh(z,y) = (0,0), —3<g(w,y) <3, h(z,y) =0

As Vh(z,y) = (0,1) is never (0, 0), we get no points in this case.
Case B

Vf(l’,y)z)\Vh(I7y), —3§g($,y) <3, h(x7y):0

We have (22 + y,2y — 6) = A\(0,1) = (0, \), so 2z +y = 0. As y = 0, we have
x = 0. This is in the domain, so we get | (0, 0) | on the list.

(e) Lagrange critical points of the boundary piece #4,

{-3<2<3,y=5}
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Case A The equations are
Vh(z,y) =(0,0), =3 <g(x,y) <3, hz,y) =5

As Vh(x,y) = (0, 1) is never (0, 0), we get no points in this case.
Case B

Vf(z,y) =AVh(z,y), —-3<g(x,y) <3, h(z,y) =5
We have (22 +y,2y — 6) = A0, 1) = (0,A),s0 2z +y = 0. Asy =5,z = —

N Ot

As this is on the domain, we get (—5, 5) | on the list.

(f) All points of the boundary piece #5,
{r =-3, y=0}
This is just the point|(—3,0) |

(g) All points of the boundary piece #6,
{z =-3, y=>5}
This is just the point | (—3,5) |
(h) All points of the boundary piece #7,

{z=3y=0}

This is just the point | (3,0) |
(i) All points of the boundary piece #8,

{r =3, y=>5}

This is just the point | (3,5) |
The list of values on the candidate points is:
o f(—3,3) = (—3)2 3.3+432-18=24+72-18=2—-18=—

W~

4

o f(—3,3) = (—3)? _3.3432 18— 9

.f(,3) 32+3-3+3%2-18=9

e f(0,0)=0

o f(-=2,5)=(-22-5.5+52-30=2+2_-30=2_30=-%
e f(=3,00=9

o f(—3,5)=(-3)*—15+52—-30=—11

e f(3,0)=9

e f(3,5)=32+15+5>-30=19

So the global maximum value of f is 19, and the global minimum value of f is —%.
(5) There are 9 types of points we need to look for.
(a) Critcial points of the original domain.

(b) Lagrange critical points of the boundary piece #1,
{r=00<y<3}
(c) Lagrange critical points of the boundary piece #2,

{r=20<y<3}
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(d) Lagrange critical points of the boundary piece #3,
{0<x <2 y=0}

(e) Lagrange critical points of the boundary piece #4,
{0<x <2 y=3}

(f) All points of the boundary piece #5,

{r=0,y=0}
(g) All points of the boundary piece #6,

{z =0, y=3}
(h) All points of the boundary piece #7,

{z=2,y=0}
(i) All points of the boundary piece #8,

{r=29y=3}

Letg(z,y) =z, h(z,y) = y.
(a) Critcial points of the original domain.
The equations are

Vf(z,y)=1(0,0), 0<g(z,y) <2, 0<h(z,y) <3

As Vf(xz,y) = (2x — 2,4y — 4), this being equal to (0,0) means x = 1,y = 1. As
this is in the domain, we get| (1, 1) |in the list.
(b) Lagrange critical points of the boundary piece #1,

{r=00<y<3}
Case A The equations are
Vy(z,y) =(0,0), g(z,y) =0, 0 < h(z,y) <3

As Vg(z,y) = (1,0) is never (0, 0), there are no points from this case.
Case B

Vf(z,y) = AVyg(z,y), g(r,y)=0,0=<h(r,y) <3

We have (22 — 2,4y —4) = X\(1,0) = (\,0),s04y—4 =0,ory = 1. Asz =0,
and as this is on the domain, we get| (0, 1) | on the list.
(c) Lagrange critical points of the boundary piece #2,

{r=20<y<3}
Case A The equations are
Vg(z,y) =(0,0), glz,y) =2, 0<h(z,y) <3

As Vg(z,y) = (1,0) is never (0, 0), there are no points from this case.
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Case B

Vi(z,y) =AVyg(z,y), g(z,y)=2,0<h(z,y) <3
We have (22 — 2,4y —4) = X\(1,0) = (\,0),s04y —4 =0,0ory = 1. Asx = 2,
and as this is on the domain, we get | (2, 1) | on the list.
(d) Lagrange critical points of the boundary piece #3,

{0<2<2 y=0}

Case A The equations are
Vh(z,y) =(0,0), 0<g(z,y) <2, h(z,y) =0

As Vh(z,y) = (0, 1) is never (0, 0), there are no points from this case.
Case B

Vf(z,y) = AVh(z,y), 0<g(z,y) <2, hlz,y)=0
We have (22 — 2,4y —4) = \(0,1) = (0, \),s022 —2 =0,orz = 1. Asy =0,
and as this is on the domain, we have | (1, 0) | on the domain.
(e) Lagrange critical points of the boundary piece #4,

{0<2<2 y=3}

Case A The equations are
Vh(z,y) = (0,0), 0<g(,y) <2, h(z,y) =3

As Vh(z,y) = (0,1) is never (0, 0), there are no points from this case.
Case B

Vf(z,y) = AVh(z,y), 0<g(z,y) <2, hiz,y)=3

We have (22 — 2,4y —4) = X(0,1) = (0, \),s022 —2 =0,orz = 1. Asy = 3,
and as this is on the domain, we have | (1, 3) | on the list.
(f) All points of the boundary piece #5,

{iL‘:O,y:O}

This is just the point | (0,0) |
(g) All points of the boundary piece #6,

{r =0, y=3}

This is just the point | (0, 3) |
(h) All points of the boundary piece #7,

{r=2y=0}

This is just the point|(2,0) |
(i) All points of the boundary piece #8,

{z=2,y=3}

This is just the point | (2, 3) |
The list of values on the candidate points is:
e f(LL)=14+2—-2—-441=-2
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=04+2-0-4+1=-1

=4+2-4-44+1=-1

=140-2-0+1=0

=1418—2-124+1=6

=0+0-0-0+1=1

=0+18-0—-12+1=7

=44+0-4-0+1=1

2,3)=4+18-4—12+4+1=7

So the global maximum value of f(z,y) on D is 7, and the global minimum value of f(z, y)
on D is —2.

0

Exercise 3. Find the global maximum and minimum values of f on the given domain.
(1) f(z,y) = 2y, on the domain {(z,y) | 2> +3*> = 1, y > 0}.
@) f(z,y) = e 7Y (2% + 2y?), on the domain {(x,y) | 2°> +y*> =4, z +y > 0}.
(3) f(z,y,2) = zyz, on the domain {(z,y, 2) | 2* + y* + 22 =3, 2 > 0}.

Solution.

(1) There are two types of points we need to look for.
(a) Lagrange critical points of the original domain.
(b) All points of the boundary piece #1,

{*+y* =1, y=0}

Let g(z,y) = 2* + % h(z,y) = y.
(a) Lagrange critical points of the original domain.
Case A The equations are

Vyg(z,y) =(0,0), g(z,y) =1, h(z,y) >0

Since Vg(z,y) = (2x,2y), this is (0, 0) precisely when x = y = 0, which does
not satisfy x? + y? = 1. Thus there are no points in this case.
Case B The equations are

Vf(z,y) = AVyg(z,y), g(z,y)=1, h(z,y) >0

As Vf(z,y) = (2zy, x?), we have (2zy, 2%) = \(2z,2y) = (2\z,2)\y). Thus
we get the system of equations

- < 2xy = 2)\x
Eq2|---2% = 2)\y
Eq|- 2’ +y =1
Eqd|---y>0
From , we want to divide by 2x, and get , but this may not be possible if

. So we get two cases.
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e The case of . We could then plug it into and get z° = 2y%. As

22 +9y? = 1, we have 3y?> = 1, or % = % Thus either y = \/Lg ory = —\/Lg.

As we require y > 0, only y = \/Lg is possible. Also, as 22 = 2y = %, either
Y, BN ot (V2 1 v2 1

xr = Y=z or x = —Y=. Thus we get the points|(—, —) |and | (———=, —) |on

the list.
e The case of [z = 0] This you may then plug into 2% 4 3> = 1, and get y* = 1.
Thus either y = 1 or y = —1. As y > 0 is a requirement, only | (0, 1) |is on the
list from this acse.
(b) All points of the boundary piece #1,

{z*+y*=1,y=0}
Asy = 0, this means 2% = 1, so either z = 1 orz = —1. Thus we get | (1,0) | (—1,0)

on the list.
The list of values on the candidate points:

V372 V3 3v3
L4 f(_%a%g) :%g
. 7(0,1)=0
e (1,00 =0
i f(_170 =

So the global maximum value is % and the global minimum value is 0.
(2) There are two types of points we need to look for.
(a) Lagrange critical points of the original domain.
(b) All points of the boundary piece #1,
(B +y*=4 2+y=0}

Let g(z,y) = 2° +y* h(z,y) = v +y.
(a) Lagrange critical points of the original domain.
Case A The equations are

Vg(z,y) =(0,0), glz,y) =4, h(z,y) =0
As Vyg(z,y) = (2, 2y), this is equal to (0, 0) precisely when x = y = 0, which
does not satisfy 22 + y? = 4. Thus, there is no point from this case.
Case B The equations are

Vf(z,y) = AVg(z,y), g(z,y) =4, h(z,y) >0
As
Vi@ y) = (2o V(@ + 2%) + 20" Y —2ye ™ TV (2% 4 27) + dye V)
= (=22 "V (22 + 22 — 1), —2ye TV (2% + 27 — 2))
We have the following system of equations.

- =220V (22 4 2% — 1) = 2z

Eq2| - —2ye™ Y (22 + 27 — 2) = 2\y
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Eq3|---a®+y" =4
Eqd|---z+y>0

From , you may want to divide by 2z and get| A = _e Y @2+ 22— 1)|

This may not be possible if |z = 0|,

2

— The case of |\ = —¢ % ¥ (2% +2y* — 1)|. You then plug into and
get

—2ye Y (% 42> - 2) = —2ye "V (2% + 2% — 1)

This implies that 2ye~*"~¥" = 0. Since e ~**~%* + (0, we get y = 0. Plugging
into , we get 22 = 4, which means either v = 2 or v = —2. As we
need = + y > 0, the only possibility is | (2,0) |

— The case of [z = 0]. You plug into and get y> = 4, which means

either y = 2 or y = —2. As we need = + y > 0, the only possibility is
(0,2)].
(b) All points of the boundary piece #1,

{8 +y" =4 2+y=0}
Asz+y = 0, we have © = —y, so 222 = 4, or 2> = 2. Thus, either = v/2 (in which
case y = —v/2) or © = —/2 (in which case y = v/2). Thus we get (\/5, —\/5) and
(—v/2,v/2) | on the list.

The list of values on the candidate points:
o f(2,0)=4e
o f(0,2) =81
b f(\/_a _\/5) = Ge*
b f(_\/iv \/5) = e *

So, the global maximum value is 8¢~ and the global minimum value is 4™,

(3) There are two types of points we need to look for.
(a) Lagrange critical points of the original domain.
(b) Lagrange critical points of the boundary piece #1,

{2 +y*+ 22 =3, 2 =0}

Let g(x,y,2) = 2% + y* + 2% h(z,y,2) = 2.
(a) Lagrange critical points of the original domain.
Case A The equations are

Vy(z,y,2) =(0,0,0), g(x,y,2)=3, h(z,y,2) >0

As Vg(x,y,z) = (2z,2y,2z), this is (0,0, 0) precisely when x =y = z = 0,
which does not satisfy 2 + y* + 22 = 3. Thus, there are no points from this
case.

Case B The equations are

Vf(z,y,2) = AVyg(z,y,2), g(x,y,2) =3, h(z,y,2) >0
40
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AsVf(z,y,z) = (yz,xz,zy), we get the system of equations
- Yz =2z
Eq2|---xz2=2)\y
Eq3|---xy =2)\z
Eqd|- -2+ +22=3
Eqgs|---22>0

By taking x times , y times , and z times , we get

ryz = 2222 = 2% = 2022

You want to divide by 2\ and get , but this may not be possible
it A=0]|
2

— The case of |22 = y* = 2

2| Then, 22 + y? + z? = 3 becomes 322 = 3, or

22 = y? = 22 = 1. So, each 2,9, z is either 1 or —1. As z > 0, z must

be 1. Therefore, there are four points on the list from this case, | (1,1, 1),
(L,=1,1) | (=1,1,1) | (—=1,—=1,1) |

— The case of . This means that yz = xy = xz = 0. This means that
at least two of the three numbers z, y, z are zero. Thus, either x = y = 0
orr =z = 0ory = z = 0. Each case, using 22 + y*> + 2> = 3 and

z > 0, we get the points | (0,0,v/3) || (0,v3,0) | (0, =Vv/3,0)},| (v/3,0,0)
(—/3,0,0)|
(b) Lagrange critical points of the boundary piece #1,
{22+ y* +2° =3, 2 =0}
Case A1 The equations are
Vg(z,y,2) =(0,0,0), g(z,y,2) =3, h(z,y,2) =0

As Vg(z,y,z) = (2z,2y,2z2), this is (0,0, 0) precisely when x =y = z = 0,
which does not satisfy 2* + y* + 2?2 = 3. Thus, there are no points from this
case.

Case A2 The equations are

Vh(z,y,z) =(0,0,0), g(x,y,2)=3, h(z,y,2) =0

As Vh(z,y,z) = (0,0,1) # (0,0,0), there are no points from this case.
Case B The equations are

Vf(,y,2) = A\Vg(z,y,2) + pVh(z,y,2), g(z,y,2) =3, h(z,y,2) =0
We get the system of equations

~--yz:2/\a:

Eq2|---xz=2\y
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Eq3|---xy=2X z+p
Egd|- -2+ 92+ 2> =3

~~z:0

As z = 0, these become simpler:
|Eql]---0=2\z
Eq2|---0=2\y
Eq3|---vy=p
Eqd|---a* +y* =3
In fact, A = 0 and p = 2y makes the equations satisfied as long as 22 + y* = 3.

Thus, we see that all points | (x,y,0) | with 22 + y? = 3 are Lagrange critical
points.

The list of values on the candidate points:
e f(1,1,1)=1
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e For 22 + y? = 3, f(x,y,0) = 0.
The global max value is 1 and the global min value is —1.

~—

Exercise 4. Find the global maximum and minimum values of f on the given domain.
(1) f(z,y) = 2® — 122 + y> — 12y on the domain
D={(z,y) | (z+2°+ (y+2)* <13, 2 > -5}
(2) f(x,y) = x + y on the domain
D={(z,y)|0<2 <1, ex® <y <e”}
(3) f(z,y,2) = 2* + y + 22 on the domain

D={(z,y,2) |a* +32+ 2 < -, x> 0}

1
4’
(4) f(x,y,2) = xz + yz — xy on the domain

D ={(z,y,2) | 2* > 2* +y°, 2* <4}

Solution.

(1) There are four types of points we need to look for.

(a) Critical points of the original domain.
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b) Lagrange critical points of the boundary piece #1,
grang p yp
{(x+2)°+ (y+2)?*=13, 2 > -5}
¢) Lagrange critical points of the boundary piece #2,
(c) Lagrang p yp
{(x+2)7°+ (y+2)?*<13, 2= -5}
d) All points of the boundary piece #3,
( p yp
{(z+2°+ (y+2)* =13, z = -5}

Let g(z,y) = (x+2)* + (y + 2)% h(z,y) = =.
(a) Critical points of the original domain.
The equations are

As Vf(z,y) = (32% — 12,3y* — 12), it is equal to (0, 0) precisely when 32> — 12 = 0
and 3y? — 12 = 0. This means 2> = 4 and 3> = 4, so both z and y are either 2 or

—2. All these points satisfy x > —5, so we get four points on the list, | (—2, —2)|,
(=2,2) 1 (2,-2)}[(2,2) |
(b) Lagrange critical points of the boundary piece #1,

{@+2)"+(y+2)* =13, 2 > =5}

Case A The equations are

Vg(z,y) =(0,0), g(z,y) =13, h(z,y) > -5

AsVyg(z,y) = (2(x+2),2(y+2)), this is equal to (0, 0) precisely when z+2 =
y —+ 2 = 0. This does not satisfy (z +2)?+ (y +2)? = 13, so there are no points
in this case.

Case B The equations are

Vf(x,y) = AVy(z,y), glx,y) =13, h(z,y) > =5

We have the system of equations
(Eql|---32° — 12 = 2\(x + 2)

|Eq2|--3y* — 12 = 2)\(y + 2)

Eq3|- - (z+2)°+ (y+2)* =13

Eqal---z> =5

Note that is 3(x—2)(z+2) = 3(22—4) = 2\ (z+2), so we want to divide
3

by 2(x + 2) on both sides and get | A = §(x — 2) | This may not be possible if

r=—2|



— The case of

A= ;(x — 2) | Plugging into , we get
3y —2)(y+2) =3y> — 12 =3(z — 2)(y +2)
Thus, 3(x — y)(y + 2) = 0. Therefore, either [z =ylor|y=-2|
+ The case of [z = y| Plugging into , we get 2(z + 2)* = 13, so

T +2= i%, so x is either —2 + % or —2 — 7123 Both cases satisfy
V13 V13
xr > —b, so we get two points on the list, | (-2 4+ —, -2+ —) |,
V2 V2
(-2- Y2 -2 X2
V2 V2

* The case of . Plugging into , we get (v + 2)? = 13, so
z+ 2 = ++13, soeitherz = —2 4+ /13 or x = —2 — v/13. Note that
—2 + /13 > —5 while —2 — /13 < —5, so we only get one point,

(—24V13,-2)|
— The case of . Plugging into , we get (y + 2)? = 13, so either

Y= —2+\/ﬁory = —2—/13. Thus we gettwo points, | (—2, -2 + \/E) ,
(=2, -2 —V13)|
(c) Lagrange critical points of the boundary piece #2,
{(z+2)°+ (y+2)* <13, v = -5}
Case A The equations are
Vi(z,y) = (0,0),  g(x,y) <13, h(z,y) = =5
As Vh(z,y) = (1,0) # (0,0), there are no points in this case.
Case B The equations are
Vi(w,y) = AVh(z,y), g(z,y) <13, bz, y) = =5

This means (32?2 — 12,3y — 12) = A(1,0) = (\,0), so 3y> — 12 = 0, or
y*> = 4. This means y = 2 or y = —2. Note that (z,y) = (-5, —2) satisfies
(z 4+ 2)? + (y + 2)* < 13 while (x,y) = (-5, 2) does not, so we get one point
(—5,—2) | on the list.
(d) All points of the boundary piece #3,
{(z+2)2*+ (y+2)? =13, v = -5}
Asz = —5, we get (y +2)? = 13 — 9 = 4, so y + 2 is either 2 or —2, which means
y = 0ory = —4. So we get the points | (—5,0) |and | (—5, —4) | on the list.
The list of values on the candidate points:
o f(—2,-2) =32
o f(—2,2)=0
e f(2,-2)=0

44



o f(2,2) = —32

o f(—2+ % 2+ %) = —46+ 1313
o f(—2— Y2, —2— ¥ = —46— 13V/13
o f(—24+13,-2) = —46 + 13V/13

o f(—2,-2++13) = —46 + 13V/13

o f(—2,—2—13) = —46 — 13V/13

o f(—5,—2) = —49

e f(—5,0) = —65

o f(—5,—4)=-81
The global max value is 32 and the global min value is —46 — 13+/13.
(2) There are 10 types of points we need to look for.
(a) Critical points of the original domain.
(b) Lagrange critical points of the boundary piece #1,

{=0, ex® <y <e”}
(c) Lagrange critical points of the boundary piece #2,
{r=1ex? <y<e’}
agrange critical points of the boundary piece #3,
d) Lagrange critical poi f the boundary pi
<z<ly=ex
{0 1, y = ea?}
e) Lagrange critical points of the boundary piece #4,
(e) Lagrange critical points of the boundary pi
{0<z<1, y=¢€"}
oints of the boundary piece #5,
(f) Allp fthe b dary p
{r =0, y=ex?}
oints of the boundary piece #6,
(g) All poi fthe b dary pi
{r =0, y=¢€"}
oints of the boundary piece #7,
(h) All poi fthe b dary pi
{x =1, y=ex?}
(i) All points of the boundary piece #8,
{r=1,y=¢€"}
(j) All points of the boundary piece #9,
{0<2 <1, y=er?=e"}

(Here we get this boundary piece considered, because it is not clear at first sight
whether ex? = € is a bogus empty condition or not)
Let g(z,y) = =, h(z,y) = y — ex?, i(x,y) = y — €%, so that the original domain is
expressed using g(z,y) > 0, g(z,y) < 1, h(z,y) > 0,i(x,y) < 0.
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(a) Critical points of the original domain.
The equations are

Vf(z,y)=(0,0), 0<x<1, engyge‘”

As Vf(z,y) = (1,1) # (0,0), there are no points in this case.
(b) Lagrange critical points of the boundary piece #1,

{x =0, ex® <y < e}
Case A The equations are
Vy(z,y) =(0,0), z=0, ex? < y<e*

As Vg(z,y) = (1,0) # (0, 0), there are no points in this case.
Case B The equations are

Vi(z,y) =AVg(z,y), =0, e’ <y<e

We have (1,1) = A(1,0) = (A, 0), which is impossible, so there are no points
in this case.
(c) Lagrange critical points of the boundary piece #2,

{r=1, ex? <y < e}
Case A The equations are
Vy(a,y) =(0,0), z=1 e <y<e

As Vg(z,y) = (1,0) # (0, 0), there are no points in this case.
Case B The equations are

Vf(z,y) =AVg(z,y), x=1,ex? <y<e

We have (1,1) = A(1,0) = (A, 0), which is impossible, so there are no points
in this case.
(d) Lagrange critical points of the boundary piece #3,

{0<2 <1, y=ex?}
Case A The equations are
Vh(z,y) =(0,0), 0<x<1,y=er?

As Vh(z,y) = (—2ex, 1) # (0,0), there are no points in this case.
Case B The equations are

Vf(z,y) = AVh(z,y), 0<z<1, y=er’
We have
(1,1) = XM(—2ex, 1) = (—2eAz, \)
1

Thus, A = 1 and —2ex = 1, which means x = —5.- Aswe want 0 < z < 1,
this is impossible, yielding no points in this case.
(e) Lagrange critical points of the boundary piece #4,

{0<2e <1, y=¢"}
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Case A The equations are
Vi(z,y) =(0,0), 0<z<1,y=e"

As Vi(z,y) = (—e*, 1) # (0, 0), there are no points in this case.
Case B The equations are

Vf(z,y) = AVi(z,y), 0<x<1, y=e¢"

We have (1,1) = A(—e*,1) = (—Xe®, A). Thus, A\ = 1 and —e® = 1, which is
impossible as e” is always positive. So, there are no points in this case.
(f) All points of the boundary piece #5,

{r =0, y=ex?}

This is the point | (0,0) |.
(g) All points of the boundary piece #6,

{r=0,y=¢€"}

This is the point| (0,1) |
(h) All points of the boundary piece #7,

{x =1, y=er?}

This is the point | (1, e)
(i) All points of the boundary piece #8,

{r=1,y=¢€"}

This is the point | (1, e) |
(j) All points of the boundary piece #9,

{0<z<1, y=er?=¢"}

This means ex? = €%, but ex? < e® for all 0 < z < 1, and this meets when x = 1. So
this means = = 1 and y = e, so again the point | (1,e) |

The list of values on the candidate points:
e f(0,0)=0
e £(0,1) =1
o f(l,e)=1+e¢

The global max value is e 4 1 and the global min value is 0.

(3) There are four types of points we need to look for.
(a) Critical points of the original domain.
(b) Lagrange critical points of the boundary piece #1,

1
{2? +y*+ 2% = T x>0}
¢) Lagrange critical points of the boundary piece #2,
grang p yp
{2+ + 22 <
47

1
171'20}



(d) Lagrange critical points of the boundary piece #3,

{P+y*+2"=—, =0}

1
1
Let g(z,y,2) = 2® + y* + 2% h(z,y,2) = .
(a) Critical points of the original domain.
The equations are

1
Vf(w,y,z) = <07070>7 g(xaya Z) § Za h([[’,y, Z) Z 0

As Vf(z,y,2z) = (423, 1,2z) # (0,0,0), there are no points in this case.
(b) Lagrange critical points of the boundary piece #1,

x>0}

1
{#+y+2" =,

Case A The equations are
v.g(xayvz): <07070>7 g($ay>z):
As Vy(z,y,z) = (2x,2y,2z), this is (0,

which does not satisfy 22 + y2 + 22 =
Case B The equations are

, h(z,y,2) >0

I SN

,0) precisely when x = y = z = 0,
}1. Thus there are no points in this case.

Vi(z,y,2) = AVg(z,y,2), g(x,y,2)=

1
- Z_JL’ h(.fl?,y,Z) Z 0

We get the system of equations

---4x3:2)\x
Eq2|---1=2\y
Eq3|---2z2=2)\z

Eq4 --~x2+y2+22—i

Egh|---x2>0

We want to divide by 2z and get . This may not be possible if
[z=0]
— The case of . This is impossible because becomes 1 = 0. So

there are no points in this case.

— The case of | z = 0] Then the equations become

--~4x3:2/\x

Eq2|---1=2\y

1

Eq4 -..ac2+y2:Z

Egh|---x>0
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We want to divide by 2z and get . This may not be possible

if[z = 0]

* The case of . In this case becomes 1 = 4z%y, so y > 0. In
particular, we may divide by 4y and get 22 = ﬁ. Asz? +y? = }L, we get
1 2 _ 1
How can this ever happen? If y > 1, then t+y2 > y? > 1, so this cannot
be equal to %. On the other hand, if 0 < y < 1, then ﬁ +y? > i > i,
again this cannot be equal to %. So, this equality can never be satisfied,
and there are no points in this case.

% The case of [z = 0] This means z = z = 0, s0 3> = 1,50 eithery = 1 or

1

1
y = —3. So we have two points on the list, | (0, 2 0) |and | (0, —3

SO

0) |

(c) Lagrange critical points of the boundary piece #2,

{2 +y*+2°< -, 2 =0}

1
4 7
Case A The equations are

Vh(x7 y’ Z) = <0’ 07 0>? g(x7 y7 Z) S h<x7 y7 Z) = 0

1
47

As Vh(z,y,z) = (1,0,0) # (0,0, 0), there are no points in this case.
Case B The equations are

Vf(z,y,z) = AVh(z,y,2), g(z,y,2) <, h(z,y,2) =0

1

4 Y
We have (423, 1,22) = X\(1,0,0) = (), 0,0), which is impossible because of the
second component. So there are no points in this case.

(d) Lagrange critical points of the boundary piece #3,

(&> +y"+2°=—, =0}

1
4 Y
Case A1 The equations are

Vy(z,y,2) =(0,0,0), g(z,y,2)=

As Vyg(z,y,z) = (2z,2y,2z), this is (0,
which does not satisfy 22 + y* + 2% =
Case A2 The equations are

, h(z,y,2) =0

i

,0) precisely when x =y = z = 0,

0
}1. Thus there are no points in this case.

1
Vh(fa%z) - <07070>7 g(fEa?J,Z) = Z_L’ h(xayaz) =0

As Vh(z,y,z) = (1,0,0) # (0,0, 0), there are no points in this case.
Case B The equations are

Vfi(x,y,2) = AVg(z,y,2) + uVh(z,y,2), g(x,y,2)= 7 h(z,y,z) =0
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We get the system of equations
(Eql|---42® =2z 4 p
Eq2|---1=2\y

Eq3|---2z=2\z
Egd| - 2* +y* + 2% =

Eg¢s|---x=0
As x = 0, these simplify into

...O:,u
Eq2|---1=2\y

Eq3|---2z =2)\z

1
Eq4 ...y2+z2zzl

We want to divide by 2z and get , which may not be possible if
[z=0]
— The case of . In this case says 2y = 1, ory = % Then by

1
, 2% = 0, s0 z = 0. So again we get the point | (0, 2 0) |

— The case of [z = 0] Then becomes y? = 1, so we get two points on

1 1
the list, | (0, 5,0) [ (0, —570) .
The list of values on the candidate points:

° £(0,3,0)=1
e (0, —%,0) = —%
So the global maximum value is 1 and the global minimum value is —3.
(4) There are four types of points we need to look for.
(a) Critical points of the original domain.

(b) Lagrange critical points of the boundary piece #1,
{22 :x2+y2, 22 §4}

(c) Lagrange critical points of the boundary piece #2,
{2’2 2$2+y2’ 22 :4}

(d) Lagrange critical points of the boundary piece #3,
{22 21,2_*_3/27 22 :4}

Let g(z,y,2) = 22 — 2* — y? and h(z,y, z) = 2°
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(a) Critical points of the original domain.
The equations are

Vf(z,y,2)=10,00), g(z,y,2) >0, h(r,y,z) <4

AsVf(x,y,2) = (z —y,z —x,x + y), thisis (0,0,0) if z —y =0, 2z —x = 0 and
x+y =0. Thismeansx =y = zand x +y = 0. So, x = y = z = 0. This point

satisfies the domain inequalities, so we get a point on the list | (0, 0,0) |

(b) Lagrange critical points of the boundary piece #1,
(2 =22+, 2 <4}
Case A The equations are
Vy(z,y,z) =(0,0,0), g(z,y,z)=0, h(z,y,2) <4

AsVyg(z,y,2) = (—2x,—2y,2z), it is (0,0,0) if z = y = z = 0. This satisfies
the domain equations, so | (0,0, 0) | is a point on the list.

Case B The equations are
Vi(z,y,2) = AVyg(z,y,2), g(x,y,2) =0, h(z,y,z) <4
We get the system of equations

---z—y:—2>\x
Eq2|---z—x=-2\y
Eq3|---x+y =2\
Eqd| - 2% =22 4+ ¢?

Eqg5|---22 <4

We compute — and get

r—y=—=2\Nz—y)

1
We want to divide this by x — y and get |\ = 5t which may not be possible
=7}
1
— The case of | A = —5t By plugging into the equations we get

---z—yzx
Eqg2|---z—z=y
E@|l--o+y=—2

Eqd| - 2% = 2% 4+ ¢



So on one hand says z = z + y but on the other hand says

2= —x —1vy.So z =z +y = 0. This together with 22 = 22 + y? implies

that v = y = 2z = 0. So we get | (0,0, 0) | on the list from this case.
— The case of . Plugging into the equations we get

---z—x:—2)\x

Eq3|---2x =2\z

Eqd|--- 2% = 222
Eq¢5|---22 <4

So says z = (1 —2\)x and saysx = Az. Thus z = (1 —2\)z =
A(1 — 2))z. This is possible either when or| AM(1—-2))=1}|
* The case of . This implies that 22 =0,s0r =y =z = 0, so we

again get the point | (0,0,0)|.
* The case of [A\(1 —2)\) = 1| Thisis —2A\* + A = 1,0r2\* = A +1 = 0,

but this has no real roots, so this case has no points.
(c) Lagrange critical points of the boundary piece #2,

{222$2+y2, 22:4}

Case A The equations are
V]/L('Z.7 y’ Z) = <O’ 07 0>7 g(x7 y7 z) 2 07 h(x7 y7 z) = 4
As Vh(z,y,z) = (0,0,2z), it is (0,0, 0) exactly when z = 0. This does not
satisfy 22 = 4, so there are no points in this case.
Case B The equations are
Vf(x7y7z> :AVh(x7y7 2)7 g<x7y7z> Z 07 h<x7y7z> :4
The vector equations says that (z —y, z — x,z +y) = A(0,0,2z) = (0,0, 2\z).
Thus z —y=0and z —x = 0,orxz =y = 2. As 2? = 4, 2% = y? = 4, so this
violates 22 > 2% + y2, so there are no points from this case.
(d) Lagrange critical points of the boundary piece #3,
{22 =2+ 2 =4}
Case Al The equations are
Vy(z,y,2) =0,0,0), g(z,y,2) =0, h(z,y,2) =4

AsVg(x,y,z) = (—2x,—2y,2z),itis (0,0,0) if x = y = z = 0. This does not
satisfty the domain equations, so there are no points from this case.
Case A2 The equations are

Vh(’il:?y? Z) = <07 07O>7 g(gj?y? Z) = O? h('xﬁy? Z) - 4

As Vh(z,y,z) = (0,0,2z), it is (0,0, 0) exactly when z = 0. This does not
satisfy 22 = 4, so there are no points in this case.
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Case B The equations are

Vf(z,y,2) = AVyg(z,y,2) + uVh(z,y, 2),

We get the system of equations

---z—y:—2/\x

Eq2|---z—x=-2\y

Eq@l---x+y =2 2+ 2uz

Eqd| - 22 =2 + 4

Eq¢5|---

We compute — and get

r—y==2\Nz—-y)

g9(z,y,2) =0, h(z,y,2) =4

1
So we want to divide by (z — y) and get |\ = —5t which may not be possible
=7}
1
— The case of )\:—5. Thensaysz—y =x,0rz =2+ y. As

2% = 2%+ y?, this means (x +y)? = 2%+ y?, or 22y = 0, so either x = 0 or
y = 0. As from , either z = 2 or z = —2, so we get points | (0, 2, 2)

(0,-2,-2)},1(2,0,2)}|(—2,0,—2) |

>

— The case of . Plugging into you get 22 = 222 As 2% = 4,

22 = 2,s0 eitherz = V2orz = —V2. Asz = 2o0r z = —2, we get the

points| (v'2,v/2,2)}| (V2, V2, —2)

>

(—V2,—v/2,2)

>

(—V2,-v2,-2)

>

The list of values on the candidate points:

e £(0,0,0) =0

So the global maximum value is 4 and the global minimum value is —41/2 — 2.
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20. GLOBAL MINIMA OF COERCIVE FUNCTIONS

Exercise 1. Determine whether the following domain is bounded or not.
M) {(z,y) [+ +y* < 1}

@) {(z,y) |z +y =0}

3) {(z,y) | 2* +y> <1}

@ {(z,y) | 2* +y* <1}

G) {(z,y) |2*+y'+2 <1, y>0}

6) {(z,y,2) |2 +y° +2 <1}

() {(z,y,2) | 2> +y* < 2%}

®) {(z,y,2) | > +y* + 22 <2z +2y+2z, 2 >0}

Solution. (1) Bounded.
2) Not bounded (z can go to +oo while y goes to —oo, for example).
g g p
(3) Not bounded (= can go to —oo, for example).
(4) Bounded.
(5) Bounded. This is a bit subtle, so let’s explain why.

Note that 22 + y* + < 1 implies that 2> + v < 2?2 + ¢y + 2 < l,and 2 + 2 < 1
implies that z is bounded (it lies in between the two roots of the equation 22 + z = 1).
Now y* < 1 — (22 + ), so in particular y* is also smaller than some fixed finite number.
This implies that y is bounded too.

(6) Not bounded (z can go to —oo, for example)

(7) Not bounded (z can go to 400, for example)

(8) Bounded. This is because z? + y* + 22 < 2z + 2y + 2z is the same as (22 — 2x) +
(v* —2y) + (2> —22) < 0,or (22 =22+ 1)+ (y* =2y + 1)+ (2* =22 +1) < 3, 0r
(x —1)*+ (y — 1)* + (z — 1)? < 3, which makes the domain bounded.

O

Exercise 2. Determine whether the following function is a coercive function or not.

(1) f(z) = 2

(2) f(x) =€

() f(z) =a* -1

@) f(z.y)=a' +y'

() flay) = e

©) f(z,y) =e""

(7) f(z,y,2) = 2> +y* + 22 + sin®(x)

Proof.

(1) Note that {z? < k} is empty if k < 0 and is {—vk < 2 < VEk}if k > 0, so f is coercive.

(2) The domain {e* < k} is {z < log(k)}, which is in general not bounded. So f is not
coercive.

(3) Note that {#? — 1 < k} is the same as {z? < k}. So f(z) = 2? being coercive implies
f(x) = x* — 1is also coercive.

(4) The domain {z* + y* < k} is empty if k£ < 0 and would imply that 2%, y* < 2* +y* <k,
which means, if £ > 0, —Vk <zy< \AL/E which is bounded. So f is coercive.

(5) The domain {e*"*¥* < k} is the same as {22 + 32 < log(k)}, which is bounded as 22 4 1
is coercive. Thus f is coercive.
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(6) The domain {e*" %" < k} is the same as {22 — y? < log(k)}, which is in general not
bounded. So f is not coercive.
(7) We know 2% + y* + 22 is coercive. As f(x,y, 2) > x? + y* + 22, f is coercive as well.

0

Exercise 3. Determine whether f has a global maximum and/or minimum on the domain, and
if they exist, find the values.

(1) f(z,y) = 2* + y?, on the domain {(z,y) | xy > 1}

() f(z,y) = 2* + y* on the domain {(z,y) | 2* — y* > 1}

(3) f(z,y,2) = 2> + y* + 2% on the domain {(z,y,2) |z —y =1, y* — 2° = 1}

4) f(z,y,2) = 2% + 2y* + 32° on the domain {(z,y,2) |z +y+2z=1, v —y+ 22 =2}
(5) f(z,y,2) = 2%+ 3> + 22 on the domain {(x,y,2) | 20 +y+22 = 9, bz + 5y + 7z = 29}
©6) f(z,y,2) = 2%+ y? + 2% on the domain {(z,y,2) | 22 =2 +9*, 2 +y— 2+ 1 =0}
(7) f(z,y,2) = 22°4+2y*+ 2%+ (r —y)? on the domain {(z,y, ) | 2 +yz > 4, 22 —y* > 0}

Solution.

(1) First we see that the domain is not bounded. On the other hand f(z, y) is coercive. So we
know automatically that the global maximum does not exist.
To obtain the global minimum, we do the usual process: look for the following types of
points (the domain has one inequality):
e Critical points of the original domain.
e Lagrange critical points of the boundary piece #1.

{(z,y) [zy =1}

Let g(x,y) = xy so that the original domain equation is g(z,y) > 1.
e Critical points of the original domain.
This is when Vf(z,y) = (0,0). As Vf(x,y) = (2z,2y), this happens only when
x =y = 0. This does not satisty zy > 1, so we don’t get any point from this case.
e Lagrange critical points of the boundary piece #1.

{(z,y) [ 2y =1}
Case A Vg(z,y) = (0,0)
As Vg(z,y) = (y,x), this is equal to (0,0) only if z = y = 0, which does not
satisfy xy = 1. Thus we get no points from this case.
Case B Vf(z,y) = A\Vyg(z,y)
This means (2, 2y) = Ay, z) = (A\y, Az). Thus we get the system of equations

2r = \y

Eq2| 2y= Xz
Eq3| xy =
Multiplying , , we get
4oy = Nay

Since zy = 1, we see 4 = \2. Thus, either |\ = 2|or |\ = —2|
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* The case of .

Then says 2x = 2y, or x = y. From , xy = 1 becomes 22 = 1,
so either t = y = 1 or z = y = —1. Thus we get two points, | (1,1) |and
(—1,—1)]

* The case of .
Then says 2z = —2y, or x = —y. From , xy = 1 becomes

—x? = 1, which is impossible. Thus we get no points from this case.
The list of values on the candidate points:
e f(1,1)=2
o f(—1,-1)=2
Thus the global minimum value is 2 and the global maximum does not exist.
(2) We see that the domain is not bounded, but f(z, y) is coercive. Thus we know automati-
cally that the global maximum does not exist.
We look for the following types of points:
e Critical points of the original domain.
e Lagrange critical points of the boundary piece #1.

{(z,y) | 2* —y* =1}
Let g(x,y) = 2* — y? so that the original domain equation is g(x,y) > 1.
e Crticial points of the original domain.
This is when V f(x,y) = (0,0). As Vf(z,y) = (423, 4y>), this happens only when
x = y = 0. This does not satisfy > — 4> > 1. Thus we get no points from this case.
e Lagrange critical points of the boundary piece #1.

{(z,y) | 2* —y* =1}

Case A Vg(z,y) = (0,0)
As Vf(z,y) = (2x,—2y), this is equal to (0, 0) precisely if z = y = 0, which
does not satisfy 22 — y? = 1.

Case B Vf(z,y) = A\Vyg(z,y)
This means (423, 4y3) = \(2x, —2y). We get a system of equations

42° = 2)\x
We want to divide by 2z and obtain . This may not be possible
if [z = 0}
* The case of .
Applying the same logic to , we have either |\ = —2y* |or [y = 0|

- The case of | A = —21°|.
Then 222 = —2y2. As 22 > 0 and —y? < 0, this implies that z = y = 0.
This is impossible as we need 22 — y? = 1, so we get no points from this
case.
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- The case of .

By , we get 72 = 1, so either z = 1 or z = —1. Thus we get two
points, [ (1,0)|,| (—1,0) |

% The case of [z = 0],
By , we get —y* = 1, which is impossible.
The list of values on the candidate points:
e f(1,0)=1
e f(—1,0)=1
Thus the global minimum value is 1, and the global maximum does not exist.
(3) We see that the domain is not bounded (z can be any number, for example), but f(x,y, 2)
is coercive. Thus we know automatically that the global maximum does not exist.
We need to look for the Lagrange critical points of the original domain. Let g(z, vy, z) =
r —yand h(z,y,z) = y* — 2% so that the original domain equations are g(z,y,z) = 1,
hz,y,z) = 1.
e Lagrange critical points of the original domain.
Case A1 Vy(z,y,z) = (0,0,0)
As Vg(z,y,z) = (1,—1,0), this is never zero.
Case A2 Vh(x,y,z) = (0,0,0)
As Vh(z,y,z) = (0,2y, —2z), this is zero exactly when y = z = 0, which is
impossible as 3> — 2% = 1.
Case B Vf(z,y,2) = AVyg(z,y,2) + uVh(z,y,2)
AsVf(z,y,z) = (2x,2y,2z), we get a system of equations

20 = \
2y = —\+ 2uy
22 = —2uz
r—y=1

Egs| o> —2*=1

From , we want to divide by —2z and get , or it is impossible if
[z=0]}
x The case of .

From , we get 2y = —\ — 2y, so 4y = —A. Thus x = —2y. From
r—y =1 weget -3y =1,s0oy = —%. However from we have
% —22=1,s02%2= —g, which is impossible.
% The case of [z = 0],
From , y?> = 1,s0 eithery = lory = —1. Fromz — y = 1, we get
two points, | (0,—1,0) |and | (2,1,0) |
The list of values on the candidate points:
e f(0,—-1,0)=1
e f(2,1,0) =5
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Thus the global minimum value is 1 and the global maximum does not exist.

(4) We see that the domain is not bounded (z can be any number, for example), but f(x,y, 2)

is coercive (it is > z? + y? + 2?). Thus we know automatically that the global maximum
does not exist.

We need to look for the Lagrange critical points of the original domain. Let g(z, vy, z) =
x+y+zand h(z,y,2) = x —y + 2z so that the domain equations are g(z,y, z) = 1 and
hz,y,z) = 2.

e Lagrange critical points of the original domain.

Case A1 Vy(z,y,z) = (0,0,0)

As Vg(z,y,z) = (1,1, 1), it is never zero.
Case A2 Vh(x,y,z) = (0,0,0)

As Vh(z,y,z) = (1, —1,2), it is never zero.

Case B Vf(z,y,2) = AVyg(z,y, z) + pVh(z,y, 2)

AsVf(x,y,z) = (2x,4y,6z), we get a system of equations

20 =A+p
dy=XN—p
6z =A+2u
r+y+z=1
T—y+2z=2
Taking3><——2><,weget
6 —dy — 122 =3A+p) —(A—pn) —2(A+2u) =0

Thus 4y = 6x — 12z, s0y = %x — 3z. Then , become

Sr—2:=1
21‘ z

1

_ _ 1 _ _ _ 110 _ 18
ThusZSz-ll,soz—%.Alsoas—%x+5z-2,x—102—4—%—4—2—3.
<18 6 11)

237 237237

Thus y = %x — 3z = ;—; — % = —%. Thus we get the point

The list of values on the candidate points:
18 6 11\ _ 18242.6243.112 _ 33
* f(53 —23) = 232 =

23
Thus the global minimum value is 55 and the global maximum does not exist.

(5) We see that the domain is not bounded (z can be any number, for example), but f(x,y, 2)

is coercive. Thus we know automatically that the global maximum does not exist.

We look for the Lagrange critical points of the original domain. Let g(x,y, z) = 2x +
y + 2z and h(z,y,z) = 5x + 5y + 7z, so the domain equations are g(z,y,z) = 9 and
h(z,y, z) = 29.

e Lagrange critical points of the original domain.

Case A1 Vy(z,y,z) = (0,0,0)
AsVy(z,y,z) = (2,1,2), it is never zero.
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Case A2 Vh(x,y,z) = (0,0,0)
As Vh(z,y, z) = (5,5,7), it is never zero.
Case B Vf(z,y,2) = A\Vyg(z,y, z) + pVh(z,y, 2)
AsVf(z,y,z) = (2x,2y,2z), we get a system of equations

21 = 2\ + B
20 = A+ 5u
22 =2\ + T
2t +y+22=9
52+ 5y 4 Tz = 29
Taking| Eql || Eq2], we get 2z — 2y = \. Taking | Eq3|— | Eql], we get 22 —

2r =2u,0r z—x = . Somsays 2y = (2x—2y)+5(z—x) = —3x—2y+5z,

or 3x + 4y — 5z = 0. Taking—,weget3x+4y—|—5z:20. So

10z = 20, or z = 2. Thus we get

20+y =295
E¢h| bx+5y=15 = x+4+y=3

Sox =2and y = 1, and we get the piont|(2,1,2) |
The list of values on the candidate points:
o £(2,1,2) =9
Thus the global minimum value is 9 and the global maximum does not exist.
(6) Let’s first see whether the domain is bounded or not, which is unclear at first sight. Plug-
ging z = x + y + 1 into 22 = 2% + 2, we get

224+ 14 20y + 20 + 2y = 2% + 42
or
20y +2x + 2y +1=0

This means 22y + 2x + 2y + 2 = 1, or 2(z + 1)(y + 1) = 1. So definitely = can be any
number #= —1, which makes the domain unbounded. On the other hand, f(z,y, z) is
coercive. Thus we know automatically that the global maximum does not exist.

We look for the Lagrange critical points of the original domain. Let g(x,y,2) = 22 +
y>—z?and h(z,y,2) = £ +y — 2+ 1 so that the domain equations are g(x,y, z) = 0 and
h(z,y,z) = 0.

e Lagrange critical points of the original domain.

Case A1 Vy(z,y,z) = (0,0,0)
As Vy(x,y,z) = (2x,2y, —2z), it is equal to zero precisely if z =y = z = 0.
However this does not satisfy x +y — z + 1 = 0, so there is no point from this
case.
Case A2 Vh(x,y,z) = (0,0,0)
As Vh(z,y,z) = (1,1, —1), it is never zero.
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Case B Vf(z,y,2) = AVy(z,y,2) + uVh(z,y, 2)
AsVf(z,y,z) = (2x,2y,2z), we get a system of equations

2 = 2\x + i
2y = 2\y + 11
22 = —2\z — b
2?42 —22=0
T+y—24+1=0

Taking - , we get 2(x — y) = 2A(z — y). We want to divide it by
2(x — y) and get , which may not be possible if [z = y|.
* The case of .

Then implies 22 = 22 + p, so ;1 = 0. Thus means 2z = —2z,
so z = 0. Thus beeomse 22 + y?> = 0, so x = y = 0. This does not
satisfy , so we get no points in this case.

* The case of .

Thenbecomes 222 = 22, which means either| 2z = V2z|or|z = =2z |

. The case of | z = v/2z |

Then becomes (2 — v2)z = —1, or v = —2,1\/5 = _2+2\/5 -
241 V2+1
_ V241l Thys we get a point —\/— — —(V2+41))|
v, geta point | (2 Y (V24 1)
- The case of z:—\/ix.
Thenbecomes 2+ V2)z = —lLorz = —2+1\/§ = _2_2\/5 =
2-1 V2-1
_¥2-1 Thys we get a point —\/_ — —\/5—1 -

The list of values on the candidate points:

o F(VEEL VR —(VEHD) = YRR O (VR = 2(V2HD) = 644v2
o [(— ,—“3;,—@— 1) = “2”2 + “ D (V212 =22 1) =
6 —4v2
Thus the global minimum value is 6 — 41/2 and the global maximum does not exist.

(7) We see that the domain is not bounded ((1, 0, z) is in the domain for z > 4, for example),
but f(x,y, z) is coercive (it is > x2 + 4%+ 2?). Thus we know automatically that the global
maximum does not exist.

We look for the following types of points:
e Critical points of the original domain.
e Lagrange critical points of the boundary piece #1.

xT,Y,z x2+y2—4,$ -y =
2 2>0
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e Lagrange critical points of the boundary piece #2.
{(z,y,2) |2z +y2 >4, 2% —y* = 0}
e Lagrange critical points of the boundary piece #3.
{(z.y,2) |2z +yz =4, 2% —y* = 0}
Let g(z,y,2) = zz + yz and h(z,y,2) = 2> — y?, so that the domain equations are
g(x,y,z) > 4and h(z,y,z) > 0.
e Critical points of the original domain.
This means Vf(z,y,2) = (0,0,0). As Vf(x,y,2) = {4z + 2(x — y),4y + 2(y —
x),2z) = (6x—2y, —22+6y, 22), thisbeing (0, 0, 0) means 6z—2y = 0, —2z+6y = 0,
and 2z = 0. So, 2 = 0, y = 3z and x = 3y, so x = 9z, which means x = 0, so y = 0.
This does not satisfy g(z,y, z) > 4, so we get no points from this case.
e Lagrange critical points of the boundary piece #1.

{(z,y,2) | vz +yz =4, 2° —y* > 0}

Case A Vg(z,y,z) = (0,0,0)
As Vyg(z,y,z) = (z,2z,2 + y), this being zero means z = 0, which does not
satisfy zz + yz = 4, so we get no points from this case.

Case B Vf(z,y,2) = A\Vyg(zx,y, 2)
We get a system of equations

61 — 2y = \z
Eq2| —22+6y=\z
22 = Mz +y)
rz+yz=4

Eqg5 x2—y220

By comparing ’ Eql ‘ and ’ Eq2|, we get 6z — 2y = —2x + 6y, or 8x = 8y, or

x = y. This gives
4o = Mz
22 =2\ = z=\&
02 =4 = xz=2

Taking X , we get 4oz = Nxz. As xz = 2, \? = 4, so either A = 2
or A = —2. On the other hand, plugged into | Eq4 | gives Az = 2, so this

implies that A cannot be negative, so A = 2, and x? = 1. Thus either z = 1 or
x = —1. Thus we get two points, | (1,1,2) ,[(—1,—1,—2)|
e Lagrange critical points of the boundary piece #2.
{(z,9,2) |22 +yz >4, 2 —y* = 0}
Case A Vh(z,y,z) = (0,0,0)
As Vh(z,y,z) = (2z, —2y,0), this being zero means x = y = 0, which does

not satisfy xz 4+ yz > 4, so we get no points from this case.
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Case B Vf(z,y,2) = A\Vh(z,y, 2)

We get a system of equations

6 — 2y = 2\x
— 22+ 6y = —2)\y
22 =10
rz+yz >4
?—y* =0
As implies z = 0, this violates , giving no points in this case.

e Lagrange critical points of the boundary piece #3.
{(v,y,2) |2z +yz =4, 2% —y* = 0}

Case A1 Vyg(z,y,2z) = (0,0,0)
As Vg(x,y,z) = (z,z,x + y), this being zero means z = 0, which does not
satisfy vz + yz = 4, so we get no points from this case.

Case A2 Vh(x,y,z) = (0,0,0)
As Vh(z,y,z) = (2x,—2y,0), this being zero means x = y = 0, which does
not satisfy xz 4+ yz = 4, so we get no points from this case.

Case B Vf(z,y,2) = A\Vyg(z,y, z) + pVh(z,y, 2)

We get a system of equations

6 — 2y = Az + 2ux

Eq2| —2x+6y=X\z—2uy

2z = Nz +y)
rz+yz =4

From , 2% = y?, so either z = y or x = —y. Since means (r +y)z =
4, this means x = —y is not possible. Thus x = y. Thus, the system becomes

do = Az + 2ux
Eq2| 4z =X 2z —2ux
Eq3| 2z=2\x

202 =

By comparing ’ Eql|and ’ Eq2

, we get 2ux = 0. This means either y = 0 or

x = 0. However, | Fq4 | means that xz = 2, which means x = 0 is impossible.
Thus, we have ¢t = 0. Thus the system becomes

dr = Mz
2z =2)\x
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20z =4

This is exactly the system appeared in the Case B of boundary piece #1, so there
are no new points.
The list of values on the candidate points:
e f(1,1,2) =38
o f(—1,-1,-2)=38

So the global minimum value is 8, and the global maximum does not exist.
O

Exercise 4. Find all the points on the plane x + y + z = 1 that are closest to the point (2,0, —3)
and compute the distance.

Solution. We know that we just need to look for the smallest value of f(x,y,2) = \/(z — 2)2 + y2 + (2 + 3)2
on the Lagrange critical points. Since f(x,y, ) is coercive, we just do the usual Lagrange crit-
ical points of the original domain. Let g(x,y,2) = = 4+ y + z so that the domain equation is
g(x,y,2) = 1.
Case A Vy(z,y,z) = (0,0,0)
As Vg(z,y,z) = (1,1, 1), it is never zero.
Case B Vf(z,y,z2) = A\Vy(z,y, 2)
We get a system of equations

T — 2
N 5 =A

22 +y?+ (2 +3)

Y
\/(13—2 2:)\

2+ y?+ (2 +3)

+3
V@ - - =A

2)24+ 92+ (2 + 3)?

r+y+z=1

By comparing the numerators of the left sides of ’ Eql ‘, ’ Eq2 ‘, ,wegetr —2 =y =
z+3. This implies thaty = x—2and z = 2—5. Then becomes x+(z—2)+(z—5) =

1,s03xr—7=1,s0x = %, which implies that y = % and z = —%. Thus we get a point
8 2 7
3373

We see that we only get one pomt (8 313 —%), so this ought to be the closest point, and the

2 /3
distance is f 153 \/7 \/g O

Exercise 5. Find all the points on the plane  — 2y + 3z = 6 that are closest to the point (0,1, 1)
and compute the distance.

Solution. We know that we just need to look for the smallest value of f(z,y,2) = \/22 + 24+ (2 —1)2
on the Lagrange critical points. Since f(x,y, z) is coercive, we just do the usual Lagrange cr1t—
ical points of the original domain. Let g(x,y, z) = x — 2y + 3z so that the domain equation is
g9(z,y,2) = 6.
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Case A Vg(z,y,z) = (0,0,0)
As Vg(z,y,z) = (1,—2,3), it is never zero.
Case B Vf(l'7y, Z) = /\Vg(x, Y, Z)

We get a system of equations

s
Eql = A
\/x2+(y—1)2+(z—1)2
y—1
Eq2 = -2\
\/m2+(y—1)2+(z—1)2

—1
Eq3 - — 3\
NEaTE e

T—2y+32=6

By comparing , —3 X ’EqQ‘and %’ Eq3 | we have
T B y—1 B z—1
Vai4 (y—1)2+ (2 —1)2 222+ (y— 12+ (z—1)2 322+ (y—1)2+ (2 —1)2
% oy—1  z2-—1
T T

Thus2x =1 —y,ory =1 —2x. Also,3x = 2z — 1,s0 2 = 3z + 1. Thusbecomes
r—2(1-22)+3Bx+1)=60orz+4z—2+92+3=06,0orldz+1=06,0orz = 2.

5 2 29
[Ty,

We see that we only get one point, (%, %, %), so this must be the closest point, and the distance

IR RO R

Thusy = %, and z = %. Thus, we get a point |

O

Exercise 6. Find all the points on the surface z = 2 + y? that are closest to the point (5,5, 0)
and compute the distance.

Solution. We know that we just need to look for the smallest value of f(z,y,2) = \/(z —5)2 + (y — 5)2 + 22
on the Lagrange critical points. Since f(x,y, ) is coercive, we just do the usual Lagrange crit-
ical points of the original domain. Let g(z,vy,2) = 2% + y* — 2z so that the domain equation is
g(x,y,2) = 0.
Case A Vg(z,y,z) = (0,0,0)
As Vg(z,y, z) = (2x,2y, —1), this is never zero, as the z component is never zero.
Case B Vf(z,y,z2) = \Vy(z,y, 2)
We get a system of equations

T —5
Fql =2\
-t
y—>5
Eq2 =2\
=
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2z
Eq3 = -\
\/(:U—5)2+(y—5)2+z2

, we get

By plugging ’ Eq3 ‘ i

r—5 2rz
Eq1 = —
V(@ V(z—5)?

—5)% + 22 + (y — 5)% + 22
— 2
B ) _ Yz
V(z —5)2 4 22 V(& —5)2+ (y—5)2+ 22

SO
r—>5=—-2xz, y—>H=-2yz
From this, we see that x = 0 is impossible (the first equation would be —5 = 0), and

similarly y = 0 is impossible. Thus, we can divide the first equation by = and the second
equation by y and get
5 -5 -5 5
12272 g, YT 42
x x Y Yy
Thus, g = g, so x = y. Thus means 2 = 222, and we also have r — 5 = —2z2 =
—423, which is 422 + x — 5 = 0. As x = 1 is an obvious solution, this factors into
(x — 1)(42% + 42 + 5) = 0. Since 42% + 4z + 5 has no real solution, we see that z = 1 is

the only solution to 42 + x — 5 = (. Thus we get one point, | (1,1,2) |

As we have only gotten one point (1, 1,2), this must be the closest point, and the distance is

f(1,1,2) = V42 + 42 + 22 = /36 = 6. O

Exercise 7. Find all the points on the surface z = 2% + y? that are closest to the point (1,1, 0)
and compute the distance.

Solution. We know that we just need to look for the smallest value of f(z,y,2) = /(z — 1)2+ (y —

on the Lagrange critical points. Since f(x,y, z) is coercive, we just do the usual Lagrange crit-
ical points of the original domain. Let g(x,v,2) = 2% + 3? — 2z so that the domain equation is
g(x,y,z) =0.
Case A Vy(z,y,z) = (0,0,0)

As Vyg(z,y,z) = (2z,2y, —1), this is never zero, as the z component is never zero.
Case B Vf(z,y,2) = A\Vyg(z,y, 2)

We get a system of equations

[Eal] il S—V

—1)2 4 22
y—1
\/ 1)2_|_z2:2>\y
z
Vi =12+ 1)2+z2:_)\

Eqd| z=a2%+?
65
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By plugging ’ Eq3 ‘ into ’ Eql

Eq2

, we get

o

z—1 2xz
V=124 (y—1)2+ 22 __\/(:1;—1)2—|—(y—1)2—|—z2

y—1 2yz
Ve =12+ (y—1)2+ 22 Ve =12+ (y—1)2+ 22

SO

r—1=-2xz, y—1=-2yz
From this, we see that x = 0 is impossible (the first equation would be —1 = 0), and
similarly y = 0 is impossible. Thus, we can divide the first equation by = and the second
equation by y and get

1 -1 —1 1

l——=2""— 9,=Y" " 1=

x x Y Yy
Thus, % = %, so x = y. Thus means 2z = 222, and we also have r — 1 = —2z2 =
—423, or 423 + x — 1 = 0. Note that z = % is a solution, so it factors into 422 + x — 1 =
(2z — 1)(22*> + = + 1). Since 2z° + = + 1 has no real solution, the only solution of

111
423 4+ 2 —1 = 0is x = ;. Thus we get a point (5,5, 5) .
As we got only one point (3, 3, 3), this must be the closest point, and the distance is f(1,1,1) =

3 3
Vi=% .

Exercise 8. Find all the points on the surface ry?z3 = 2 that are closest to the point (0, 0, 0) and
compute the distance.

Solution. We know that we just need to look for the smallest value of f(x,y, z) = /22 + 3% + 22
on the Lagrange critical points. Since f(z,y, z) is coercive, we just do the usual Lagrange critical
points of the original domain. Let g(«, y, z) = xy?2 so that the domain equation is g(z, y, z) = 2.
Case A Vg(z,y,z) = (0,0,0)
As Vg(x,y,2) = (y?23, 2xy23, 3xy?2?), this being zero means 3?23 = 0, which means
ry?2z® = 0, which cannot be possible under z7?23 = 2.
Case B Vf(z,y,2) = AVyg(z,y,2)
We get a system of equations

x
Eql = \y?2?
Va2 +y? + 22
Y 3
Eq2 = 2\ryz
z
Eq3 = 3\zy’?
vVt 4+ y?+ 22
By comparing x x ’qu , 2 X ’Eq2 , 5 X ’Eq?) , we get
72 y? 52

/w2+y2—|—z2_2 :U2+y2+22_3 /22 + 2 1 22
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or 9 9
Yy z
x2:—:—

2 3
This means that y> = 222 or y = +v/2x, and 22 = 322, or z = ++v/3z. Then
becomes = - (222) - (+v/3z)? = 2, or £3v/325 = 1 (the sign of this is the same as the
sign of 2 = ++/32). Thus z = /3, and 3v/32° = 1. Thus 2% = 33/2, SO x = i311/4

1 V2 V3 1 V2 V3 1 V2 V3
(31/4’ 31/4” 31/4) ’ (31/47 e 31/4) g (_31/4’ 31/4’ _31/4) g

Thus we get four points,

1 V2 V3
(_31/47_31/4’_31/4)'
The list of values on the candidate points:

o f(Gn, 32, 3) = V3124232433712 =6 3-12= \/2//3

o f(Ghe—32,38)=V3 212371 3.312=V6.312=/2/3

o fl—sim 22, —2) =321 2.37 12133712 =V6-3712 = /213

o fl—otm =2 — ) = V3123712 43.3 12 =632 =23

Thus, there are four closest points, (5177, 5 2 f) (5715 —3%,3%),( 7> i/ —i/) (—2=

and the distance is \/2v/3. O
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